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Chapter 1

Mass transfer by diffusion,
Nernst boundary condition

1.1 General diffusion equations

From:
OAc(z,t) 140 ([ 410Ac(x,1)
ot =D ox v or

where A denotes a smal deviation (or excursion) from the initial steady-state
value, d = 1 corresponds to a planar electrode, d = 2 to a cylindrical electrode
(radial diffusion) and d = 3 to a spherical electrode [5, 33] (Fig. 1.1), it is
obtained, using the Nernstian boundary condition Ac(rs) = 0:

Z*(u) Ac(ro,iu) _ Lijo—1(Viup) Kaoo1 (Viu) = Iyjoo1(Viw) Kgja1 (Viup)
AJ(TU7 lu) \/liu (L]/Q(\/ITJ) Kd/2—1(mp) + Id/2—1(mp) Kd/z(m))

where u is a reduced frequency and p = r5/rg. 1,,(2) gives the modified Bessel
function of the first kind and order n and K,,(z) gives the modified Bessel func-
tion of the second kind and order n [48]. I,,(z) and K,,(z) satisfy the differential
equation:

—y (N +2%) +z2y +2°y" =0

-
I N\ \_/

Figure 1.1: Planar difusion (left), outside [19] (or convex [29]) diffusion (p = rs/ro >
1, middle), and central (or concave) diffusion (p < 1, right).




6CHAPTER 1. MASS TRANSFER BY DIFFUSION, NERNST BOUNDARY CONDITION

1.2 Semi-infinite diffusion

1.2.1 Semi-infinite linear diffusion

d=1, Ac(co) =0

Impedance [44, 4]

W
W

Figure 1.2: Warburg element [47].

1-i)o 20 o o
Z = = , Re Z =—, ImZ =——
w(w) 7 i Re w(w) 7o w(w) 7
1 F
= W2 F X aD% f= BT X* : bulk concentration, ¢ unit: Q cm? s~/2
Reduced impedance
Zio(w) = Zw(w) = ——, u= -2 Re Zw(u) = ——, Tm Zyy(u) = ——
w W \/iTL’ 252’ w \/ﬁ’ W m

-1mZy,

Re Zy,

Figure 1.3: Nyquist diagram of the reduced Warburg impedance.

Randles circuit

The equivalent circuit in Fig. 1.4 was initially proposed by Randles for a redox
reaction O + ne < R [38].

o =00 +0R



1.2. SEMI-INFINITE DIFFUSION 7

Figure 1.4: Randles circuit for semi-infinite linear diffusion.

Impedance
Z(w) = L _ —i ((1—1i) 0+ v Rey)
= : . i
iwcdl_"% _1\/5_‘_(1_1) O-wcdl‘i'u)iClect
—i) o
Rey + ————
t + o
Re Z(w) = 0+ Vw Rey
v (1 +20 wCa +20%wCa’® +20w? Ca® Rey + w? Cat” RctQ)
Im Z(w) = 707202\/‘?’0(11*200‘)0&]%“*(#% CleCtz

Vw (1 +20wCq +202wCyq” + 20w3 Cqi? Rt + w? Oy Rct2)

Reduced impedance ”The frequency response of the Randles circuit can
be described in terms of two time constants for faradaic (7¢) and diffusional (7q)
processes” [46] (Fig. 1.5).

_Z(u): 1+1) T (i+w)
R  —TV2u+(141) (-14+T+iu) u

2 2
u=Tqw, Ta = R (20’ ), T =14/7, 1= Ret Cal

T (= (V2 (-1 +w) +2u?)

Re Z*(u) =
2\/§Tu(1—T+u)+2\/ﬂ<T2+(—1+T)2u+u3)
. T (V2T (-1 —u) —2vu (1 - T +u?))
Im Z*(u) =
QﬂTu(l—T+u)+2\/ﬂ<T2+(71+T)2u+u3)
: =1L ) = — L
ili%ReZ(“)—l H }ng})lmz()_ Tou

1.2.2 Semi-infinite radial cylindrical diffusion (outside)
d=2, Ac(co) =0

Ko(Viu )
mKl

Z*(u) =
( (Vi
: Re Z%(uc) =

.Mﬁj

lim —Im Z*(u) =

u—0

(Fig. 1.6)

ue = 0.542

N
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a b &
2 2+ ’

N N

E e E

| 1 r | 1 r //
0 ) s s 0 e s s
0 1 2 3 0 1-1/T 2 3
Re Z* Re Z*

Figure 1.5: a: Nyquist diagram of the reduced impedance for the Randles circuit
(Fig. 1.4). Semi-infinite linear diffusion. T = 1,2,5,10,16.4822,10% 10*. Line thick-
ness increases with 7. One apex for T" > 16.4822. The arrows always indicate the

increasing frequency direction. b: Extrapolation of the low frequency limit plotted for
T =5.

-Imz*

0 n/4 2 4
ReZ*

Figure 1.6: Reduced impedance for semi-infinite radial diffusion outside a cicrcular
cylinder. Dot: reduced characteristic angular frequency: u. = 0.542.

1.2.3 Semi-infinite spherical diffusion
d=3, Ac(oco) =0

1

Z*(u) = T u=rgw/D
coy_ 2+ V2u o 2 () — Vu
Re 2t = i vaarwy 2 = T A i vRa )

(Fig. 1.7)

1.3 Bounded diffusion condition (linear diffusion)

Ac(rs) =0
”Originally derived by Llopis and Colon [26], and subsequently re-derived by

Sluyters [42] and Yzermans [50], Drossbach and Schultz [15], and Schuhmann
[41]” 4],



1.3. BOUNDED DIFFUSION CONDITION (LINEAR DIFFUSION)

N uc.=1
N
£ 0.2 \
|
0Ok s s
0 0.5

Rez*

Figure 1.7: Reduced impedance for spherical (outside) diffusion. Dot: reduced char-
acteristic angular frequency: uc = 1, Re Z*(uc) = 1/2, Im Z*(uc) = (1 — v/2)/2.

e TUPAC terminology: bounded diffusion [43]
e Finite-length diffusion with transmissive boundary condition [22, 28]

tanh v/i —
Zé\/a(u):%7 U = Tq W, Td:62/D7 yY=V2u
iu
lirrbZ{;VS(u)zl, lim ViuZy,(u) =1
Uu— u— 00
" sin(7y) + sinh(y

. __sin(y) —sinh(y)
> {eos(y) + cos(y))’ " Zws () =

7 (cos(7) + cosh(y))

W5

Figure 1.8: Bounded diffusion impedance.

*
Wéo

—-Im Z

Re Zy;
72 /2 [40]).

Figure 1.9: Nyquist diagram of the reduced bounded diffusion impedance.

(u =
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1.3.1 Randles circuit

Fig. 1.10.
Ca
I
|
N Ret W
— R —;
Figure 1.10: Randles circuit for bounded diffusion.
Impedance
tanh viu
Zf(u) = Rct +Rd T, U=TqW, T4 = (52/D
sin(7y) + sinh(vy)
Re Z = Ret + R, =2
¢ Zi0y) oF Yy (cos(y) + cosh(y )) “
sin(vy) — sinh(y)
Im Z =
A0 = S eos(3) + cosh(7)
tanh /i
Rt + Ry mnhviy \/E
_ Zg(u) _ Viu
2 = T (wfra) Can ) N
1(u/7q) Car Zs(u tanh Vi
L+ /) Ca (zact vy )
Viu
Reduced impedance
Z(u) 1
Z*(u) = =
) = R+ Fa
iTu 1
1+ —_—t
( 2 tanh viu
p+—

Viu
p=Re/Ra, T =1¢/7a, 7t = Ret Car
Fig. 1.11
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log p

-4 logT

Figure 1.11: Impedance diagram array for the Randles circuit with bounded diffusion
(Fig. 1.10). Green points: uc1 = 2.54, red points: uc2 = p/T, black points: ucs = 1/7T.
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1.3.2 Corrosion equivalent circuit

Corrosion of a metal M with limitation by mass transport of oxidant (Fig. 1.12)
on a rotating disk electrode (RDE) [34].

Ret

W(s

Figure 1.12: Equivalent circuit for corrosion of a metal M with limitation by mass
transport of oxidant. Rt : charge transfer of the reaction of metal oxidation.

W
Ro Ry tan .\/1u
Z(u) = VY u=T1qw, Tq =062/D (1.1)
R.+R tanhviu
ct d \/E
tanh Viu
Z(u) Viu Rq
7w = (14+0) 2 — (g — VU = 1.2
(W) =( ) Ry ( )1+atanh\/iu Ry (1:2)
Viu
Two limiting cases (Fig. 1.13):
o K 1:
tanh Vi
7" (u) ~ M, uc1 = 2.541, quarter of lemniscate, (Fig. 1.8) (1.3)
Viu
o a> 1:
o
Z*(u) & ————, ues = a2, quarter of circle, (Fig. 1.7 1.4
()~ s wa = g (Fig. 17)  (14)

1.4 Analytical approximation

1.4.1 Analytical approximation #1
[13], Fig. 1.14.

VI 877 (1.5)

SRRV ea



1.5. RADIAL CYLINDRICAL DIFFUSION

a =102
055 4%=2541
N a = 10°
E \
|
0 L
0 0.5

Re zZ*

Figure 1.13: Nyquist diagram of the corrosion equivalent circuit. Large black dot :
Uc1 = 2.541, small red dot :

Uc2 = a2.

0.5+

uc=1.13

-ImZ

0.5
Re 7
Figure 1.14: Nyquist diagram of the analytical approximation #1 (Eq. (1.5))
1.4.2 Analytical approximation #2
[30], Fig. 1.15.

2y = ZU) _ VP maion
Ry

52
.2 , Td =
Y dl ;(f

1.
’ (16)
where v and 74 depend on the Schmidt number Sc. For Sc € [102,10°]:

~1.9930 — 1.6319Sc¢™/?
! 1-0.7248Sc™ /3
1611737

Td =

(1.7)
Sc'/3(1+0.2980 Sc /3 4+ 0.14514 Sc¢ =2/ + 0.07020 Sc )2 (1.8)

1.5 Radial cylindrical diffusion
d =2 [19] (Fig. 1.1)

1.5.1 Finite-length diffusion outside a cylinder
7 (u) = Io(Viup) Ko(Viu) = Io(Viu) Ko(viup)
Log(p) Viu (1 (viw) Ko(Viup) + Lo(viup) Ki (Vi) )

13
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05+ f, =2.64 Hz
N
=
|
0 L
0 0.5 1
Re Z
4 L
N
I
W 2L
0k
2 3 4 5
log Sc

Figure 1.15: Nyquist diagram of the analytical approximation #2 (Egs. (1.6)-(1.8),
Sc = 103, Q = 2000 tr min~!) and change of f. with Sc.

u=rsw/D, p=rs/ro

Fig. 1.16 rectifies erroneous Figs. 7 and 8 in [31].

0.5

-ImZz*

0 0.5 1
Re Z"

Figure 1.16: Central (p < 1) and outside (p > 1) cylindrical diffusion impedance.
p = rs/ro = 107%,1071,0.4,1.01,2,5,20,100. The thickness increases with p.

Dots: reduced characteristic angular frequency (apex of the impedance arc): u. =
0.514484,1.22194,4.74992, 25516., 3.40142,0.298271,0.0186746, 0.000800438.

1.5.2 Semi-infinite outside a cylinder

. o Ko(Wiu)
P N AT

(Fig. 1.6)
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1.6 Spherical diffusion

d =3 [19] (Fig. 1.1)

1.6.1 Finite-length difusion outside a sphere, reduced impedance

# 1
(Fig. 1.17)
Z*(u) . 2w/D, p =14/
u) = ,u=row/D, p=15/r0
(1-1/p) (1 + viu coth(viu (~1 +p)))
0.5
2
N U
£ > !
T o
0
0 -1
0 0.5 1 01 5 10

Re Z*

Figure 1.17: Central (p < 1) and outside (p > 1) spherical diffusion impedance. p =
rs/ro = 0.1,0.4,0.91,1.1,2,5,50. Line thickness increases with p. Dots: reduced char-
acteristic angular frequency: u. = 73 w/D = 0.3632,3.095, 289, 275.8,4.547,0.6927, 1.
Change of log u. with p.

1.6.2 Finite outside sphere, reduced impedance # 2

(Fig. 1.18)
*(u) = L+9 = —719)%w = (rs —ro)/r
2 = S coth(viw) U= o o) /Dy 0= =)o

1.6.3 Infinite outside sphere

(Fig. 1.7) 1
,JILIBOZ*(”) = TV u=rgw/D
sy 2+V2u foy Vu
ReZ(u)fz(ler),ImZ(u)f (L V2t a)
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0.5

-ImZz"

0 0.5 1
Re Z*

Figure 1.18: Central (§ < 0) and outside (6§ > 0) spherical diffusion impedance.
0 = (rs —ro)/T0o = —0.99,-0.8,—-0.5,-0.1,0.1,1,3,100. Line thickness increases
with 4. Dots: reduced characteristic angular frequency: u. = (rs — T‘o)zw/D =

0.0299,0.577,1.37,2.32,2.76,4.55,8.33,10%, wu. increases with . Change of logu.
with 4.



Chapter 2

Mass transfer by diffusion,
restricted diffusion

2.1 General diffusion equations
From:

ot Ox ox

where A denotes a smal deviation (or excursion) from the initial steady-state
value, d = 1 corresponds to a planar electrode, d = 2 to a cylindrical electrode
(radial diffusion) and d = 3 to a spherical electrode [5, 33] (Fig. 1.1), it is
obtained, using the condition AJ(rs) = 0:

7(u) Ac(ro,iu) Lijo—1(Viu) Kgo(Viup) + Ly (Viup) Kajoo1 (Vi)
Ad(ro,iu)  Viu(lge(Viup) Kae(Viu) —Lye(Viu) Kip(Viup))

Terminology [32]: bounded system [20], finite-space diffusion [1, 2], finite
length diffusion [23], restricted diffusion [11, 10, 14], reflective boundary condi-
tion [36], impermeable boundary [49], impermeable barrier condition [19], im-
permeable surface [12].

OAc(z,t) _ D$1_d£ (xd_lﬁAc(m,t))

e

Figure 2.1: Restricted diffusion impedance. d = 1: thin planar layer, d = 2: cylinder,
d = 3: sphere.

Internal cylinder and sphere with null radius, ro = 0.

() = Lijo—1(Viu)
)= Viulys(Viu)

Fig. 2.2.

17
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d=1 d=2

-Imz*

-ImZz*
—-Imz*

1/3
1/4

Figure 2.2: Nyquist diagram of the reduced impedance for the restricted diffusion
impedance Z*(u) plotted for d = 1, 2, 3. d = 1: thin planar layer, d = 2: cylinder,

d = 3: sphere. Dots: reduced characteristic angular frequency: uc.1 = 3.88, uce = 11.7,
Ueg = 22.3.

Low frequency limit

Fig. 2.3.

Figure 2.3: Low frequency equivalent circuit for restricted diffusion impedance. R* =
1/(d+2),C*=1/d.

High frequency limit
Fig. 2.4.

1
u—o00=2Z"(u)~ —, lim ViuZ*(u)

ju u—oo
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i W
Ws.q I

Q

Figure 2.4: High frequency equivalent circuit for restricted diffusion impedance.

2.2 Linear diffusion and modified linear diffu-
sion

2.2.1 Linear diffusion

d=1

Z*(u) = Lijz 1 (Viu) _ Iq/2(Viu) :coth\/iTL
mIdM(\/E) \/EI1/2(\/E) Viu

Reduced characteristic angular frequency: u. =~ 3 (d(d+2)) [5], 5.12 [3], 4 [8],
3.88 [7].

11
lim Z*(u) = = + —, lim ViuZ*(u) =1

u—0 3 1U u—oo
U=Tqw, Tq = 52/D, vy =v2u

sin(vy) — sinh(vy) sin(y) + sinh(7y)

Re Z* ) = ; Im Z* v) =
™ 7 (cos(y) — cosh(y)) ) 7 (cos(y) — cosh(y))
Low frequency limit
Equivalent circuit: Fig. 2.5 (1).
Z(u) . Rd Rd 1 Rd Td
(u) Rd = UJILI%J (w) 3 * Tdiw R1f+ leiw’ le 3 ’ le Rd
Gy
M I
kl ~ R 1l

Figure 2.5: Low frequency equivalent circuit for restricted diffusion impedance. Rjf =
Rd/?), Cy = Td/Rd‘

Randles circuit for restricted linear diffusion

Randles circuit Fig. 2.6.

1 For unit problems, don’t forget the Farad unit : F = s/Q.
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Rt N I
Zy

Figure 2.6: Randles circuit for restricted diffusion.

Impedance
cothviu Ze(u) o
Zt(u) = Rey+Rq ——, Z(u) = - , U=Tqw, Tq =0/D
f( ) ct d m ( ) 1+1(u/7—d) Cdl Zf(u) d d /
Reduced impedance [9]
3(1+T/p)?
iT 1
(1+3p) | =2t ——
p coth (\/iu)
pt——=

Viu
p=Re/Ra, T = 1¢t/Ta, 7t = Rt Cal

2.2.2 Modified restricted diffusion impedance

Viureplaced by (iu)? (o: dispersion parameter) [8, 7, 39], Fig. 2.8.

Z*(u) = 7C0th(iz)2 , u=Tqw, T4 =0°/D
(iu)?
w2 (sin (Z2) sin (2u°‘/2 sin (Z2)) — cos (=) sinh (2u“/2 cos (Z2)))

4
cos (2u®/2sin (Z2)) — cosh (2u®/2 cos (Z2))

Re Z*(u) =

u= /2 (cos (%) sin (2uo‘/2 sin (% ) + sin (“4—“) sinh (2ua/2 coS (”4—“)))
cos (2u®/2sin (Z2)) — cosh (2u®/2 cos (Z2))

Im Z*(u) =

Low frequency limit

Equivalent circuit: Fig. 2.9.

u—0=27"(u)~
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AN
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Figure 2.7: Impedance diagram array for the Randles circuit with restricted diffusion
(Fig. 2.6). Green points: uc1 = 3.88, black points: uc2 = 1/T.

o
Td

Ry
R = — = —
=5 Qi Ra

Z(u) . Ry Ry 1
S lim Z(w) = 4 M R
Rqa wlino (w) 3 +(1 T4 w)o‘ lf+Q1f (iw)a’

Z*(u) =

2.2.3 Anomalous diffusion impedance

[6], Fig. 2.10.

coth (iw 7q)"? <1

Z(w) = Rq SR v <

(ind

.  Zw)  coth (iu)/? B (6 1
Z(u) - Rd - (iu)l_,y/z y W= WT4,7Td = 5
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4
4
4
4
4
a
1.2¢
U
1
g
g
g
1
1
1
1
0.9+ i
II
1
¥ 1
N i
1
g /I
| 1
0.6 f |
/ L
1 ’
1 //
Il ///
1 i
U ~ 5.1 [t
1
1,7
0.3+ V.tod
4 ’I
/
II T
/4 // —a—
-a= 2
0 4 vl I
0 1/3 0.6
Re Z*

Figure 2.8: Nyquist diagram of the reduced modified restricted diffusion impedance,
plotted for o = 0.8. u. depends on « [7].

Qi
A ~ \\
M ~ Ry 1
Figure 2.9: Low frequency equivalent circuit for modified restricted diffusion
impedance. Rif = Rq/3, Qit = 75/ Ra. Qi unit : A is— = F s*7 1,

Q Qs
The D unit (D/cm? s=7) depends on 7.

uz ! (cos (”77) sin (2u7/2 sin (%)) —sin ( ) sinh (2u7/2 cos (f)))

Re Z*(u) = coS (2u7/2 sin (’T ) — cosh (2u7/2 cos (ﬂz))

wz 1 (sin (%) sin (2072 sin () + cos (%) sinh (2u?/2 cos (Z2)))
™

Im 7* =
m 27 (u) cos (2m/2 sin ( ) — cosh (2u’v/2 COS (%))

2.3 Cylindrical diffusion
d =2, §: cylinder radius

Lip 1 (Viu)  To(viu)

2 = e Vieh(ie)
. . 1 21 - N
ELIE%)Z (U)ZZ_E’ uh_)rgo\/EZ (u) =1
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-ImZ*
-ImZ*

0.4+
0.6

y=1

0.5 0 0.5
ReZz* ReZz*

Figure 2.10: Nyquist diagram of the reduced anomalous diffusion impedance. Left:
~ = 0.8, right: change of Nyquist diagram with v (v : 1, 0.9, 0.8, 0.7, 0.6). Dots:
u=>5 [6].

U =Tqw, Td:52/D

Low frequency limit

Equivalent circuit: Ryj+Cig.

d w—0 4 T4 iw

2.4 Spherical diffusion

d = 3, §: sphere radius

« . Z(u) . . Ra  2R4 . 1 o Ry _Ta
Z*(u) = R lim Z(w) = —+ leerleiw’ Ry = 1 Cy = Ry

OIS AT Y. (L 1) N —
Viulge(Viv)  Viulze(Viu)  —14Viu cothviu
u=Tqw, Ta=02/D, v =V2u
Re 27(7) = (—2+ 722) (;(c))z((’;)) +2(2CiS};(2’)Y)cj)rsg(S;;l(—v)2i Zsfrir(l'}yl)(’f sinh(7))
T Z*(7) = 7 (sin(y) — sinh(y))

(=24 72) cos(7) + (24 ?) cosh(y) — 2 (sin(y) + sinh(y))
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Low frequency limit

Equivalent circuit: Rjs+Cis.
Rd 3Rd Td

Z R
(w) = lim Z(w) = —+ = R+ , Rg="2, O = o

z* =
(u> Rd w—0 5 Td iw leiw 5 3Rd




Chapter 3

Gerischer and
diffusion-reaction
impedance

3.1 Gerischer and modified Gerischer impedance

3.1.1 Gerischer impedance

1

Z&(u) = \/ﬁ

"In view of the earliest derivation of such an impedance by Gerischer, [16] it
seems a good idea to name it the ” Gerischer impedance” Zg” [43, 45].

(3.1)

Ve

-ImZg

o

Figure 3.1: Reduced Gerischer impedance. Some caracteristic values are given in
[24, 25]. Phase angle for dashed lines : —m/8, —7/6 and —m /4 respectively.

lirr}) Z&(u) =1, lim ViuZg(u) =1
uU—

u—00

25
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arctan(u
ez = T T
G - (1—|—u2)1/4 B V2 /1+u_2\/ﬁ

sin( arctan(u) )

— N =2 _ -1

T Z2,(u) = — 2 ' __vvltu?-u
(1+u2)!/* V2VI+u?Vu

dIm Z§ (u) —24+V1+u2u

T = T :O:>uc—\/§
2V2VI+u 2 [V1+u2— = u (1+u?)
u

Diagnostic criterion [17, 35] Re Y (u)? — Im Y (u)? = 1

3.1.2 Modified Gerischer impedance #1

1
7ol = e
0.4+
3 AN
E
|
0 ‘
0 0.5 1
ReZg,
g
e
s g
™
;i
ES
~ Ok .
0.5 0.75 1

Figure 3.2: Reduced modified Gerischer impedance. a = 0.5,0.6,0.7,0.8,0.9,1.
Line thickness increases with «. Dots: characteristic frequency wu. at the apex
of the impedance arc. Change of u. for the modified Gerischer impedance (solid
line) and change of v/3/a with « (dashed line). w. = v/3/a for a € [0.53,1]
(I(we — V3/a)|/uc < 5%).

u® sin( %X
cos(arctan( #)a
. 1+ u® cos(%%)

2
(1 +uZo 4 2o cos(’rz—a))

)
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sin(3arctan(

I Z45o () = —

3.1.3 Modified Gerischer impedance #2
1

ZGan(u) = RERCER

a€[0,1]
e 1
Re Z¢ 0 (u) = (u® +1)  cos <2a arctan(u))

—a 1
Im Z¢ 0 (u) = — (u® + 1) /* gin (2a arctan(u))

04|

Ga2

"

-ImZ

Re Zg

Figure 3.3: Reduced modified Gerischer impedance #2. a = 0.5,0.6,0.7,0.8,0.9,1
(o« = 1: Gerisher impedance Eq. (3.1)). Line thickness increases with a. Dots:
characteristic frequency u. at the apex of the impedance arc. Change of u. for the
modified Gerischer impedance #2.

3.1.4 Modified Gerischer impedance #3
37, 27], Fig. 3.4.

Zaalv) = ¢ L aep

Re Zga3(u) = (u” +1) ~/% cos (avarctan(u))

Im Z¢,3(u) = — (u® + 1)_a/2 sin (aarctan(u))
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0.5+ D)
3 N\
N °
£
1
0 L
0 0.5 1
Re Zg 43
3 L
S
V3 T
1L
0.3 0.5 0.75 1
a

Figure 3.4: Reduced modified Gerischer impedance #3. a = 0.3, 0.4, 0.5, 0.6, 0.7,
0.8, 0.9, 1 (o = 0.5: Gerisher impedance Eq. (3.1)). Line thickness increases with a.
Dots: characteristic frequency uc at the apex of the impedance arc. Change of u. for
the modified Gerischer impedance #3.

3.1.5 Havriliak-Negami impedance

18, 21], Fig. 3.5.
Zin(u) = — 3.2
) = T Gy 2
* _ 2a B o —B/2 sin (TQ u®
Re Zfin(u) = (u + 2cos ( 5 ) u® + 1) cos <ﬂarctan (COS () w71
(3.3
* _ 2« T @ 7[3/2 : Sin (TCE) uOt
Im Zfn(u) = (u + 2cos (7) u® + 1) sin <ﬁ arctan ((WWH
(3.4)

e 3 =1/2 = modified Gerischer impedance #1 (cf.§ 3.1.2, p. 26)

e o = 1 = modified Gerischer impedance #2, (cf.§ 3.1.3, p.27), #3, (cf.§
3.1.4, p.27)
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uc=1.732 ue = 1.497 uc = 1.324 Ue = 1.192 u; = 1.086 U = 1.
u;=1.9 u; = 1.603 u; = 1.389 u; = 1.228 ue =1.102 ug =1.
U, =2.124 u. =174 us = 1.471 us. =1.273 us=1.121 ue=1.
U = 2.44 uc = 1.927 u. =158 uc = 1.331 U = 1.145 ue = 1.
Ug =2.92 ug = 2.201 u; =1.734 U =1.411 U, =1.176 ug =1.
U =3.732 U = 2.637 uc = 1.967 uc = 1.527 ue =1.221 ug =1.
0.5 B 1

Figure 3.5: Impedance diagram array for the reduced Havriliak-Negami impedance.

e =vV3(a=1,=1/2), uc=2+V3(a=8=1/2), uc =1 (8 =1,V a).
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3.2 Diffusion-reaction impedance

3.2.1 Reduced impedance #1
7 () — VA tanhviu+ A
B tanh VA Viu+ A
lirrbZ*(u) =1, lirn Viu+ X Z*(u) = VA coth VA

tanh Vi L )~ 2 ) =

A= 0= Z%(u) = Zys(u) =

Viu V14iu/A
05+r
N N
E
|
0 ‘
0 0.5 1
Rez* log A

Figure 3.6: Diffusion-reaction reduced impedance #1. A = 1073,1,10%. Line thick-
ness increases with A\. u. = 2.542,3.657,1732. Change of logu. with log A for the
diffusion-reaction reduced impedance #1. A — 0 = u. — 2.54, X — 00 = ue. ~ A\W/3.

ﬁcoth(ﬁ) (sinh( (u +)\2) Cy) ) Cayy + sin(2 (u _1_)\2)%%“)\ sau)\>

Re Z*(u) = -
(u? + A\2)* (cos( (u? + )\2) sayx) + cosh(2 (u? + A2) cauA)>
tan(¥ tan(¥
ey = cos(TE) ) g etan3))
2 2
\f)\coth(ﬁ) (Sin( (u +)\2) SQy)) Cay) — sinh(2 (u +)\2)%cau>\ sau,\)

Im Z*(u) = -

b

(u? + )\2)i (cos(? (u? + )\2) Sayx) + cosh(2 (u? 4+ A2) cauA))

3.2.2 Reduced impedance #2
7% (u) = VX coth VX tanh /(1 +1iu) A

(1—|—iu))\
hm Z" (u) lim \/ +iu) A Z*(u) = VA coth VA
tanh\/lu/ 1
lim Z*(u) = Z A m Z*(u) = Z&(u) = ————
)\11)% (U) W5(u/ ) \/IT /\4}00 (U) G(u) m

coth(v/)) (sinh(2 (1+ uQ)i VXeay,) ca, +sin(2 (1 + UQ)% VA say) sau)

Re Z*(u) = 1 1 1
(14+wu?)" (cos(2 (1 +u2)® v/ Xsay,) + cosh(2 (1 +u2)* \f)\cau))
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05+

AN

- ImZzZ*

0 ‘
0 0.5 1

Rez* log A

Figure 3.7: Diffusion-reaction reduced impedance #2. A = 107% 1,103, Line thick-
ness increases with A. w. = 25407,3.657,1.732. Change of logu. with log A for the
diffusion-reaction reduced impedance #2. A — 0 = uc =~ 1/(2.54 ), A — 00 = uc —

V3.

(arctan(u)) ) (arctan(u))
cay = cos | ——=— |, sa, =sin { ————

coth(v/)) (sin(2 (1+ ’U,Q)% VAsay) ca, —sinh(2 (1 + uQ)i Vcay,) sau>

Im Z*(u) = 1 1 1
(14+wu?)* (COS(2 (1 +u2)7 v/ Asa,) + cosh(2 (1 +u2)* \F/\cau))
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4.1 Table bounded diffusion and diffusion-reaction

impedance

CHAPTER 4. APPENDIX

Table 4.1: Bounded diffusion and diffusion-reaction impedance.

Denomination Reduced Nyquist impedance diagram
impedance
Warb YA 1
arbur =
g w \/E
Ue=2.541
Bounded gr tanh viu
diffusion Ws T iu
-/
0
0
Semi-oco 1
spherical 7= ————
diffusion I+ Viu
CSSE:;;?COE}.I Z* = M
diffusion ViuKi(Viu)
Gerisch Z6 = ———
erischer Ny
—n/4
0
0
Ucz\/g/(l
. Ga .
Gerischer 1+ (fu)e

—an/4




4.2. TABLE RESTRICTED DIFFUSION IMPEDANCE 35

4.2 Table restricted diffusion impedance

Table 4.2: Restricted diffusion impedance.

Denomination Reduced Nyquist impedance diagram
impedance
d=1
1
Restricted :
cothviu
linear Zis, = i
diffusion Viu
Restricted T \/@)
cylindrical Ay 2=~ —
diffusion Viuli(Viu)
d=3
1
Restricted )
spherical A 53 = : :
diffusion —1++iu cothviu
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Table 4.3: Restricted diffusion impedance/continued.
Denomination Reduced Nyquist impedance diagram

impedance
121 /
0.9+ /
Modified /2 N
. o
linear 7 _ coth (iu) E ol
restricted (i u)a/2 :
diffusion w~s1 /i
03} ,
ZJl T
0 4 ‘
0 1/3 0.6
ReZ®
Anomalous 12 N
linear P coth (iu)” —E‘
restricted (iu)' =72
diffusion

0.5
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