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Chapter 1

Circuits containing one
CPE

1.1 Constant Phase Element (CPE), symbol Q

\)
I

Figure 1.1: Most often used symbol for CPE (see also the Appendix A).

1

Ca Sa
Z:.ia,ReZ: ,ImZ:—
Q(iw) Qu* Qu*
e . TQ
Cq = COS(7) y Sa = Sln(7)
1 T
7| = —— - __ -
The Q unit (Fem=2s*~1) depends on « (1).
1.2 Circuit (R4+Q)
1.2.1 Impedance
1 Co Sa
ZW =R+7G,R6Z:R+ ,IHlZ:—
“ = Q) Qur Qur
! Different equations for CPE: Z = Q 6], Z = ! [33]
' (iw)l=e =7 (Qiw)> 7

5



6 CHAPTER 1. CIRCUITS CONTAINING ONE CPE

-ImZ
ImY

S

-a— a

NS

Re Z Re Y

Figure 1.2: Nyquist diagram of the impedance and admittance for the CPE element,
plotted for a = 0.8. The arrows always indicate the increasing frequency direction.

Q

—L R =

Figure 1.3: Circuit (R4+Q).

1.2.2 Reduced impedance

Z(w)_ 1 B
R T w7

The 7 unit depends on a: u, = s®.

7% (w) =

ImY”

Re Y*
Re Z*

Figure 1.4: Nyquist diagram of the reduced impedance and admittance (Y* = RY)
for the (R+Q) circuit, plotted for a = 0.8.



1.3. CIRCUIT (R/Q)

1.3 Circuit (R/Q)

\\
[l

— R |

Figure 1.5: Circuit (R/Q).

1.3.1 Impedance
R
2@ = T Geye TR

R(1+717w¥cy) RTw® s,
= ; Im Z(w) = —
1+ 72w2e +27w%¢, 1+ 720w2e 27w,

Re Z(w)

1.3.2 Reduced impedance
Z(w) 1

2@ == =i gw T RC
Re 7% (w) = 1+T21¢;:ia26:wa o m 2w = _1+T2w72ia+537wa Ca
dim Z*(w) _ aTw 't (*HTQ”M);“ 0= Wt =1/7[7]
dw (1+72w2e +27w%¢q)
Imzw%):u2ﬂmzﬂwﬁz—§a%zﬁ

2 2
o = — arccos [ —1 + 5
™ 1+4Im Z*(w,.)

1
7)) = ———— u=wrl/e
(u) TF G U=wT

(Figs. 1.6, 1.7)

1.3.3 Pseudocapacitance #1

The value of the pseudocapacitance C (C/(F em~2)) for the (R/C) circuit giving
the same characteristic frequency than that of the (R/Q) circuit (Fig. 1.8) is
obtained from [6]:

woe —x =L o guagt-aya

(RQ)/* ~ RC ~
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| /
05/ v
N
£ AN > ue=1
n S
0
0 1 0 .
Re 7' 0 1 2
Re Y’

Figure 1.6: Nyquist diagram of the reduced impedance (depressed semi-circle [28])
and admittance (Y* = RY) for the (R/Q) circuit, plotted for o = 0.8.

12 -

-ImZ

Figure 1.7: The Nyquist diagram of the reduced impedance belongs to the circle with
Te =1/2, yo = —ca /(2 8a) and radius r = 1/(254). ¢ = (1 — a)7/2 [2].

1.3.4 Pseudocapacitance #2

The value of the pseudocapacitance C (C/(F e¢cm~2)) for the (R¢/C) circuit
giving the same impedance for the characteristic frequency of the (Rq/Q) circuit
(Fig. 1.8) is obtained from [3, 11]:
_ R
C = 1/04R(1/04) L 2). Rex = Q

@7 R sin(am/2), Ro = 5 )2

with:
T(re/C) = (Rq @)Y/ tan(a m/4)

1.4 Circuit (R/Q)+(R/Q)+ .. (Voigt)

NRQ R,
Z(w) = — =R Q;
() Z 147 (iw)™ i @

i=1



1.4. CIRCUIT (R/Q)+(R/Q)+ .. (VOIGT) 9
Q C
1o F — 1 F

1
(RQ™

we=1/(RC)

We

Figure 1.8: (R/Q) and (R/C) circuits with the same characteristic frequency at the
apex (or summit) of impedance arc.

Q C
\ Il
i 1
EE— I —> EE— I
1

N c (RQ Q)l/a

E

|

0
0 RC RQ
Re Z

Figure 1.9: (Rq/Q) and (Rc/C) circuits with the same impedance for the character-
istic frequency of the (Rq/Q) circuit.

NRQ .
R; (1+ 7w cas)

Re Z =

e (W) Z 1+Ti2w2ai _+_27-iwai Cai)

i=1
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NRQ .
R 7 w™ 544

Im Z(w) = —; 1+ 72w2% + 27; 0 Cog

1.5 Circuit (R;+(R2/Q2))

Fig. 1.10.

Q,

\\
I

—

Figure 1.10: Circuit (R1+(R2/Q2)).

1.5.1 Impedance

1
Z(w):R1+ i
(iw)ee Qz‘f'R*2
. (R +R2) (1+ (iw)a2 T2) . . Ry Ry Qo
Z(w) = T4 (o) ;» 71 = R2 Qo, T R R,

1.5.2 Reduced impedance

_ Z(u) 14T (iu)?
7R1+R27 1+(iu)“2

2" (u)

u:Tll/azw, T:TQ/Tl :Rl/(R1+R2) <1

~ Tequ™ +cqu® +Tu?™2 +1

Re 2% (u) 2 cquo +u2oz 4 1

(1 =T)u*2 s,
2o u2 + u2o2 41

Im Z*(u) =

1.6 Circuit (R;/(Ry+Q5))

Fig. 1.12.



1.7. TRANSFORMATION FORMULAE, (R+(R/Q)) AND (R/(R+Q)) 11

-ImZz
- ImZz*

0 Rl R]_ + RZ
RezZ Rez*

Figure 1.11: Nyquist diagrams of the impedance and reduced impedance for the
(R1+(R2/Q2)) circuit.

R,

Figure 1.12: Circuit (R1/(R2+Qz2)).

1.6.1 Impedance

Ry (14 72 (iw)*2)
1+7m (iw)a2

Z(w) = , 71 = (R + R2) Q2, T2 = R Qo

Ry (cos (%52) (11 + m2) w2 + Timpw?*? +1)

Re Z(w) = 5l (leo‘z + 2 cos (%)) w2 +1

w2 sin (%) Ry (7'1 — 7'2)

Im Z(w) = _,]_1 (leaQ + 2cos (%)) w2 +1

1.6.2 Reduced impedance

Z(u)  1+T(iu)*?

Z*(u): Rl - 1+(iu)a2

u:Tll/azw, T=m/m1=Ry/(R1+Rs)<1

cf. Eq. (1.1) and Fig. 1.11.
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Qa1
)) R12
R11 - - Q2
Ro1 — Rao ))

Figure 1.13: The (R+(R/Q)) and (R/(R+Q)) circuits are non-distinguishable for
21 = (22 [1]

1.7 Transformation formulae between(R+(R/Q))
and (R/(R+Q))

1.7.1 o1 = (V92

Transformations formulae (R4+(R/Q)) — (R/(R+Q))

R%l Q21R%1
R12 — Rl] +R21,R22 = R721 +R117Q22 = W

Transformations formulae (R/(R4+Q))—(R+(R/Q))

b= Q22 (Ri2 + Ras) 2 L= R12Rs o R2,
Ri, ’ Ri2 + Raa

"~ Riz+ Rao’

1.7.2 91 75 Q99

The (R+(R/Q)) and (R/(R+Q)) circuits (Fig. 1.13) are distinguishable for
Qo1 # Q22



Chapter 2

Circuits made of two CPEs

2.1 Circuit (Q:+Q>)

Fig. 2.1.
Q Q,
\\ \\
/1 I

Figure 2.1: Circuit (Q14Qz2).

2.1.1 o =ay =«

(1 1 1 1 1@z
Z(w)_<Q1+Q2) (

iw)  Q(iw)’ @= Q1+ Q2

cf. § 1.1.
2.1.2 o £ ay
Impedance
)~ gt * i~ e
Re Z(w) = -2 (%1) w— cos (fngzQ) w02
Im Z(w) = _sin (”3@11) w™™  sin (W;;) =02
120, = 2q,] = w=w. = (g)

13



CHAPTER 2. CIRCUITS MADE OF TWO CPES

14

e oy < ap (Figs. 2.2 and 2.3)
w—0=Z(w) ! w— 00 = Z(w) !
— N — — P —
Q2 (iw)*2’ Q1 (fw)

e (1 > (g
! o0 = Z(w)

w — W)~

C?Q(ILA})O‘2

T 4
1" ///
2001 |
1 ’ =
i , q
s Ll N
E rl // §
= ! / |
[ ' s Yo
I , D
] L
l’ ///
l’ //
U
0
0 200
log(Re Z/Y)

ReZ/Q

Figure 2.2: Nyquist and log Nyquist [10] diagrams of the impedance for the (Q1+Q2)
circuit, plotted for @ = 107> Fem s~ Q2 =107* Fem ™ ? 527! oy = 0.6, 0 =

0.9 (a1 < az). Dots: we = (Q2/Qq)Y/ (@17e2),

= -y )2 ===
S
N N
g S 5
----- —- &2 7T/2 i
i -90 !
- (Q/QuHes2 5 5 (QQpY@-w 5
log w/(rd s1) log w/(rd s

Figure 2.3: Bode diagrams of the impedance for the (Q1+Qz2) circuit. Same values

of parameters as in Fig. 2.2. a1 < aa.

2.1.3 Reduced impedance
2'(w) = Qe 2() = o




2.1.

15

CIRCUIT (Q1+Qs)

3 L l’ //
] /’
! /
| ’
| ,
1 ,/ o
1 /
* 2 oo ,/ N
N ' / £
g ! / =
1 / c)
1 B 1’ // 2
s
! ’
1 /7
V4
iy
0
0 1 2 3 2
log (Re Z*)

Re z*
Figure 2.4: Nyquist and log Nyquist [10] diagrams of the reduced impedance for the
(Q1+Q2) circuit, plotted for ay = 0.6,a2 = 0.9 (a1 < az). Dots: ue = 1.

-45
—q /2 —=----==1
N o
B & !
"""" —ap /2 |
-90 .
-3 0 3
logu

Figure 2.5: Bode diagrams of the impedance for the (Q1+Qz2) circuit. Same values

of parameters as in Fig. 2.4. a1 < ao.
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2.2 Circuit (Q;/Q>)

Fig. 2.6

Figure 2.6: Circuit (Q1/Qz2).

2.2.1 ] =09 =«

1 1
Y @ artor T Qe Q79T

cf. §1.1.

2.2.2 Qap 7£ (6%}

Impedance
1
Z(w) =
(w) Ql (iw)o‘l + Q2 (iw)()(z

oy o1 (T2 e}

Re Z(w) = — 0082( ) Qrw : cos (752) Qow
Qw21 + Qw22 + 2cos (37 (o — az)) Q1 Qw12

I 2() = sin (552) Qu®t + sin (552) @

B Q3w? 4+ Q3w?e2 + 2 cos (%77 (1 — 2)) Q1Qaw e

o oy < ay (Figs. 2.7 and 2.8)

1 1
e (] > Q9
0= Zw) o T~ —
? T Qe T T I QG
2.2.3 Reduced impedance
1 w

Z*(u) = Qrw* Z(w) = w1 (u)e u = e
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2.2. CIRCUIT (Q1/Q2)

T 7
i ,
| ;
i ,
1 4
/ / S
1 4
% 50+ I / N
1 S/ =
1 ’
E |/ g
| I J/ B
1 ’ 2
ll ,/
0
50 0 3
log(Re Z/Q)

ReZ/Q

Figure 2.7: Nyquist and log Nyquist [10] diagrams of the impedance for the (Q1/Q2)
circuit plotted for Q1 =102 Fem 2571 Qe =102 Fem 2s%271, a; = 0.6,a0 =

= (Q2/Qu)"/ (172

0.9 (a1 < a2). Dots: we

5 \\\
S
N o
g | <

5, |
| —90 .
5 -5 (Q/QpYme2 S

log w/(rds™)

-5 (Qp/Q Y@~
log w/(rds™)
Figure 2.8: Bode diagrams of the impedance for the (Q1/Qz2) circuit. Same values of

parameters as in Fig. 2.7. a1 < az.

1
1’ /
;
1r /
i ;
l’ /
; P
| , £
% ! J N
N | L/ £
1S ' / n
= | ;
I ! 5
) k)
i/
! ’
1 4
i/,
4
ol
0 1
log (Re Z*)

Re z*
Figure 2.9: Nyquist and log Nyquist [10] diagrams of the reduced impedance for the

(Q1/Qz2) circuit, plotted for aq = 0.6,2 = 0.9 (@1 < a2). Dots: uc = 1.
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log |Z*|

-45

bz-/°

-90

Figure 2.10: Bode diagrams of the impedance for the (Q1/Qz2) circuit. Same values

of parameters as in Fig. 2.9. a1 < aa.



Chapter 3

Circuits made of one R and
two CPEs

3.1 Circuit (R1/Q;) + Q,)

Fig. 3.1.
Qq
\\

1 Q

] \\

)

Figure 3.1: Circuit (R1/Q1)+Q2).

311 o= =«

Impedance
1 1
Z(w) = + ——
S + Q1 (iw) Q2 (iw)
Ry
1+ ({w)*Tr
Z(w) = (1w)” 7 =RQ1, 2= (Q1+Q2) Ry, 1 < T2

(iw)* Qs (1+ (iw)xry)’

cos (%) (7'17'2w2“ + 1) W™ + cos(ma)Ty + T2
Q2 (7’1 (lea + 2 cos (%)) we + 1)

Re Z(w) =

sin (%) (ﬁTng(" + 1) w4+ sin(wa) 1y

Q2 (7'1 (le"‘ + 2 cos (%)) w® 4 1)

Im Z(w) = —

19
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Reduced impedance

ey Zu) 1 14+ T (iu)®
21 = R T T Gue A+ G (3.1)

’LL:CUTl/a, T:TQ/T1:1+Q2/Q1>1

u™® ((T + cos(am))u® + (Tu* + 1) cos (2F))
(T —1) (2cos (%) u® + u> + 1)

Re Z*(u) =

1 2a
Im Z*(u) =u™ ¢ — 4 sin (OHT>
1-T 2cos(%)u°‘+u2a+1 2

-Imz*

ReZz*

Figure 3.2: Nyquist diagram of the reduced impedance for the ((R1/Q1)+Qz2) circuit
(Fig. 3.1, Eq. (3.1)), plotted for T'=4,9,90 and o = 0.85. The line thickness increases
with increasing T'. Dots: reduced characteristic angular frequency uc1 = 1; circles:
reduced characteristic angular frequency ucz = 1/T® (¢u.;, = du, )-

3.1.2 a 7&0{2

Impedance
1 1
Z(w) -1 + T o
Qe G0
e 2y PCFIO e () Qi
a Q2 Q1 Ry (Q1Riw™ + 2cos (Tg4)) w + 1
Im Z(w) = sin (#5+) Q1 Rjw™ sin (752 ) w2

_Q1R1 (Qlleal + 2 cos (%)) wa + 1 B QQ
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3.2 Circuit (R + Q;)/Q,)

Fig. 3.3
Q,
\\
i
Q
R, )

Figure 3.3: Circuit ((R1+Qz2)/Qu).

3.21 o= =«

Impedance
1 14 Qy Ry(i w)®
Z(w) = _ @)
(i) Qu+ ;1 (i W)™ (Q1 + Q2) (1 + MM)
Rl + - Ql + QQ
(iw)* Q2
Z(w) = 14+ 7o(i w)® o Q1 Q2 Ry = Oy R

(0 (@ +Q) A+(wen) '~ Qi+Qs

w™ (cos(ma)w® + Tow®™ + cos () (row®* + 1))

Re Z(w) = (2cos (22) w* +w?@ + 1) (Q1 + Q2) 71

I Z(w) = w~%*sin (%) (2cos (%) W 4 Tow? 4 1)
m e = (2COS (%) wo‘+w2a—|—1) (Q1+ Q2)711

Reduced impedance

Z(u) T—1 1+T@{u)”
R T? (iu)*(1+ (iu)®)

Z*(u) = (3.2)

u=wr T=m/m=14+Q2/Q1 > 1

(T — Du= ((T + cos(am))u® + (Tu?* + 1) cos (%))

Re Z* =
e 2" (u) T2 (2 cos (“7”) ue 4 y2e 4 1)
)

(T — 1)u= (2cos (%) u® 4+ Tu?* + 1) sin (%)

w0\ 2
Im 27 (u) = T2 (2 cos (“7”) u® 4+ u2e 4+ 1)
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-Imz*

Re Z*

Figure 3.4: Nyquist diagram of the reduced impedance for the ((R1+Q1)/Q2) circuit
(Fig. 3.3, Eq. (3.2)), plotted for T'=4,9,90 and o = 0.85. The line thickness increases
with increasing T. Dots: reduced characteristic angular frequency uc1 = 1; circles:
reduced characteristic angular frequency ez = 1/TY® (¢ = Gu, )-

3.2.2 aq §£ [6%)

b
Z(w) = (1) Qs

. 1 1
(iw)@ Q1 <(iw)041 0 + ()™ 0, +R1>

147 (1w)*
Z = ’ =R
) (w)™ Q1+ (1w)™ Q2+ 7 ({w)M T2 @y ! 1@

+ Ry

Re Z(w) =

(wal Cal (1 +72 w2z 27w Ca2) Q1 + w™* (Twaz +Ca2) Q2)/

(w2a1 (1 + 7-2 WZ o2 + 2T w2 Ca2) Q12 + 2wa1+a2 (T w™? Cal + Calm,aQ) Ql QQ + W2 o2 Q22)

T (0[1 — CYQ)
Calma2 = COS - 9

Im Z(w) =

(—w™ (14 7°w?* + 27w Ca2) Q1 Sa1 — w** Q2 5a2) /

(w2a1 (1 —+ 7'2 w2 2 —+ 27'wa2 012) Q12 + 2wa1+°‘2 (T WOQ Cql —+ calma2) Ql QQ + w2 @2 QQQ)
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Circuits made of two Rs
and two CPEs

4.1 Circuit ((R1/Q1)+(R2/Q5))

Fig. 4.1.

Q Q,

\\ \\

11 17
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Figure 4.1: Circuit (R1/Q1)+(R2/Q2)).

1 1
Z(w) = T+ )
(1w)™ Q1+ 7 (1w)™ Qq + yon
Rl R2
Z =R =R
@) 1+ (iw)™ 7 - 1+ ({w)® 7’ i 1@, 7 2@
R+ Ry + (iw)al Rom + (iw)aQ Ry
Z(w) = —— 7
A+ Gw)™ ) (L+ (@)™ 72)
Re Z(w) _ R’ (1 + w* ca1 Tl) Ry (1 + w2 cyo 7'2)
l+wrrr 2ca twmm) 14w (2ca2 +w*2 )
Im Z(w) = W Ry Sa1 71 W Ry a2 Ta

14w (2¢q1 +wr m1) 14w (2 a2 + w2 T3)

23



24 CHAPTER 4. CIRCUITS MADE OF TWO RS AND TWO CPES
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Figure 4.2: Nyquist diagrams of the reduced impedance for the ((R1/Q1)+(R2/Q2))
circuit (Fig. 4.1). R1 = R2, a1 = a2, Q2 > Q1.
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Figure 4.3:

Unusual Nyquist diagrams of the reduced impedance for the
((Rl/Q1)+(R2/Q2)) circuit (Flg 41) Rl = RQ, QQ = Q1, o1 = 1. Left: a2 = 03,
right: az = 0.5.

4.2 Circuit ((R1+(R2/Q2))/Q1)

Fig. 4.4.
1
Z(w) = N 1
(iw)™ Q1 + 1
Rl + 1
(iw)™ Q2+ R,
Q
\\
1l
Q,
\\
[/
.

Figure 4.4: Circuit ((R1+(R2/Q2))/Q1).
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Z(w) = Ry + Ry + (iw)™ Q2 Ry Ry
14+ (iw)™ Q1 (Ry + Ro) + (iw)™ Q2 Ro + (1w)™ 2 Q1 Q2 Ry Ry

Re Z(w) = (Rl + Ry + w2 a2 Q22 Rq (1 4+ w* ol Ql Rl) R22+

W Co1 Q1 (Ry + R2)? 4w Caa Qo Ry (Ry + 2Ry (14 w™ Cay Q1 (Ry + Rz)))) /
(1+w?2Qy” (1+w™ Q1 Ry (2Ca1 +w” Q1 Ry)) R+
wt Q1 (Rl + RQ) (2 Ca1 + w™ Q1 (Rl + RQ)) + 2w Q2 Ro
X (Caz + W Q1 (Catmaz R2 + Caz2 R1 (2Ca1 +w™ Q1 (R1 + R2)))))

7 (1 — o)
Calma2 = COS f

Im Z(w) = (w* Q1 (—w®*? Q2” Ri* Ry® — 2w*? Ca Q2 Ry Ry (Ry + Ra) —

(Ri + 32)2) Sa1 —w™ Q2 Ry® SaZ) /
(14+w?* Qs” (1+w™ Q1 Ry (2Ca1 +w™ Q1 Ry)) R+
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4.3 Circuit ((Qi+(R2/Q:))/R1)

Fig. 4.5.
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Figure 4.5: Circuit ((Q1+(R2/Q2))/R1).
1
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Re Z(w) = (R1 (1+w* Q2 R2 (2Ca2 +w™ Q2 Ra) + w?™ Q1 Ry
X (Ra+ R1 (14w Ca2Q2 R2)) +w™ Q1 (2R2 (Ca1 + w*? Catmaz Q2 R2) +
Co1 R1 (14+w* Q2 Ry (2Che +w* Q2 R)))))/
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Im Z(w) = —w™ Q1 Ry? (Sa1 +w** Q2 Ry ((2Caz +w™ Q2 Ra) Sa1 + w™ Q1 Ra Saz)) /
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M=Q1 Ry, 2= Q2R

4.4 Circuit (((Q2+R2)/R1)/Q1)

Fig. 4.6.
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Figure 4.6: Circuit (((Q2+R2)/R1)/Q1).
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Re Z(w) = (R1 (14+w™? Q2 (W Q2 Ry (R1+ Ry) 4+ Coa (R1+2R2))+
W Ca1 Q1R (14+w* Q2 Ry (2Ca2 +w™ Q2 Ry))))/
(1+w* Q2 (R + R2) (2Ca2 +w™ Q2 (R1 + Rg)) +
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Figure A.1: Some CPE symbols, taken from A: [16], B: [24], C: [29], D: [6], E: [13],
F: [21], G: [22], H: [27], I: [15], J: [19], K: [25], L: [3, 11], M: [14], N: [18, 4, 5], O: [17],
P: [30], Q, R: [31], S: [9], T: [20], U [26], V: [12], W: [32], X: [8], Y: [2], Z: [23]. What
an imagination !
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