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Chapter 1

Introduction

1.1 Lumped vs. distributed systems

1.1.1 Lumped systems

The transfer functions of systems modeled by ordinary differential equations,
often called lumped-parameter systems, are rational functions (i.e. a ratio of
two polynomials in s, the Laplace variable) [1,2].

1.1.2 Distributed systems

The transfer functions of distributed parameter systems are irrational functions.
The analysis of rational and irrational transfer functions differ in a number of
important aspects. The most obvious differences between rational and irrational
transfer functions are the poles and zeros. Irrational transfer functions often
have infinitely many poles and zeros [2].

1.1.3 Mixed lumped-distributed systems

The transfer functions of mixed lumped-distributed systems contain rational
and irrational functions in s.

1.2 Examples in electrochemistry

1.2.1 Lumped systems

Faradaic impedance Z; and impedance Z of electrochemical adsorption reaction
(EAR) are lumped systems [3,4]. Eq. (1.1) is a rational fraction in s (1).

1+ Rct C'adss

Z(s) = 1.1
(5) 5 ((Ca1 + Cags) + sRctCa1Clags) (1.1)
l+as 1 Rctcdlcads
Z(s) = K K = = RyChge, = 2at&di>ads g o
() s(1+8s) Car + Cags “ +Cader Car + Cads 12)

1Replacing a capacitor, for example Cq;, by a CPE [5] transforms a lumped impedance in
a distributed impedance. This case is not subsequently envisaged.

5
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Cads

Ra |

Figure 1.1: Equivalent circuit for electrochemical adsorption reaction (EAR).

1.2.2 Distributed systems

The Faradaic impedance of a corroding electrode with mass transfer limitation
(Fig 1.2) is a rational fraction in /s, i.e. an irrational fraction in s.

29 = (1.3
Zf(s)—lJr[i\/g,K_R,a_U (1.4)

Figure 1.2: Equivalent circuit for a corroding electrode with mass transfer limitation.
W: Warburg element for semi-innite linear diffusion [6].

1.2.3 Mixed lumped-distributed systems

The impedance of the Randles equivalent circuit [4,6,7] (Fig. 1.3) is a mixed
lumped and distributed system:

th /
Ret + Ra \/Tijs
Z(s) = d (1.5)

th /
1+ RetCais+ Cars Rq Td?
\/TdS

th \/
1+Oz Td4S B
T4S
Z(s) = K vV'd . K =Ry,a= %

th /745 Ret’
1
+Bs+vs N

B = RCaiy = CaRq

(1.6)
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Figure 1.3: Randles equivalent circuit for a redox reactions studied on a rotating disk
electrode. Ws: bounded diffusion impedance [6].
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Chapter 2

th+/S

Impedance containing NG

thv/S
VS

2.1.1 Electrochemical reaction

2.1

Redox reaction [4,8,9]:
O+e<R

studied on a rotating disk electrode with mass transfer limitation.

2.1.2 Electrochemical impedance

th\/7Ts

ZW& (8) = Rd \/’7’78

Q)

2.1.3 Reduced impedance

th/7s Zw,s(s) thv/S .
Zw,s(s) =R = Z(S)=—F7—+= ,S=1s=X+iu
2.1.4 Pole-zero map
Infinite product expansion [12-16]:
1+ S
thv'S 1 5 (k)2

Thanks to Eq. (2.3)

(2.1)

(2.2)

(2.3)

IThis expression could be replaced by a more accurate one [10,11]. This case is not

subsequently envisaged.



10 CHAPTER 2. IMPEDANCE CONTAINING %

e infinity of interlaced real poles and zeros (Fig. 2.1).

Sp:—%((Qk—i—l)ﬂ)z, E=1---00 (2.4)
sz =—(kn)®, k=1---00 (2.5)
—(8m)? —(2m)? -

@m? _6n? e n®

thv/S
75

Figure 2.1: Pole-zero map of

2.1.5 Graph of the reduced impedance
3D plot of the modulus (Fig. 2.2).

thv/S

Figure 2.2: 3D plot of the modulus of .
g p /S



THVS

L
2.2. ﬁ 11
¥ /S
NG
22 —Y2
1+oz—th\/g
NG

2.2.1 Electrochemical reaction

Corroding electrode with mass transfert limitation:

M— Mt +ne”
02+467+4H+—>2H20

2.2.2 Reduced Faradaic impedance

th /S
S 2
Z(S) = L, U1 = 2.54, U = @ 2.6
() Liath Vs ? (26)
VS
2.2.3 Nyquist diagrams
Uc1>>Uc2 Uc1=Uc2 Uct1<<Uc2
N N N
E £ E
| | | /—\
0} 0 0}
0 0 0
Re Z Re Z Re Z

Figure 2.3: Nyquist diagrams calculated from Eq. (2.6). Red dots : uc1 = 2.54, black
dots : uc2 = a”.

® Ul > U, 2.54 > o? = quarter of a lemniscate,

o Uc < Uea, 2.54 < o = quarter of a circle (see Annex A.2).
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12

thvS\ thyS

53 <1+oz\/§> 7S
) th/S
1+ Gty

2.3.1 Electrochemical reaction

EE reaction [17]:

R~ X+e
X—0+e

studied on a rotating disk electrode with Dr = Dx = Do.

2.3.2 Reduced concentration impedance

Concentration impedances of soluble species:

) thv/S'\ thv/S
o}
VS VS
le(S) - ) a7ﬂ 2 0 (27)
thv/S
145
VS
2.3.3 Nyquist diagrams
Figs. 2.4, 2.5 and 2.6.
a b
E E
1 1
0t 0
0 0
Re Z; Re Z;
| L :
9 K
E E
I I
0 0k
0 0
Re Z, Re Z;
Figure 2.4: Some amazing Nyquist diagrams calculated from Eq. (2.7), a = —1,
uer = 2.54, black dots : wue2 = 5%

B = —10 (left), 8 = —10* (right). Red dots :
a:a=—-1, =-10,b: a=-1, f=-10% c a=-25 f=-10°d a=

—2.5, B = —10 (Hokusai’s great wave).
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TH/S
Vs

(1+a

2.3.

)
TH+'S

NE]

1+ 0

A A== O\ M ™
AHA N =2\ N ™
AN A AN L™ L™

ININI NN CRREPRIPIOPRD

N e N T
PO e N IR AT

10 A == O

- CIONCNAA s

Su) e Fan Want oy NIV NG| NSW (NS | N0

10

-10

Figure 2.5: Array of impedance diagrams calculated from Eq. (2.7). Red dots :

= 32

= 2.54, black dots : uc2

Uc1
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ﬁ+aM@»M@)MS_mJ§
1+8M(©S) 5

VN
LN
R\

log a

“DIDIDIDIDIDID

D IDIDIDIDIDID
DIDIDIDIDIDID
DIDIDIDIDIDID
BB IDIDID
LDIBIRPIEIDIDID

Lo
L"~a
L.
L~

log B

Figure 2.6: Array of impedance diagrams calculated from Eq. (2.7). Red dots :
Uc1 = 2.54.
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Impedance containing
lumped and distributed
elements

thVS
NG
3.1
14+aS
th\/g
Z(S) = 1+\/i5 (3.1)

Characteristic frequencies:
® Ul — 2.54

o upn=1/a

3.1.1 Pole-zero map

thv/S
NG

e Same zeros as

S 1
e Same poles as plus one real pole (—a) (Figs. 3.4-3.1).

VS

3.1.2 Nyquist diagrams
Figs. 3.4-3.1.

th
o U K U = Z(S) & \/\gg
1

o Ul > U = Z(S) &

1+aS

15
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-@3n)?

-@ny?

,7{2

Ims
o

0

O

0]

07,
06f
05f

T 0.4]

—Im

0.2}
0.1}

0.0t

Figure 3.1: Pole-zero map and Nyquist diagram of

0.3f

@n?

0.0

0.2

0.4
ReH

Red dot: uc; = 2.54, black dot: ues = 1/a.

—(4m)?

-@3n)?

0.6

-@2n)?

0.8 1.0

1 thVS
1+aS

_7[2

Ims
o

O
N

(N
\

O
Ny

0.7 —
0.6]

0.5}

—ImH

0.2}
0.1}

0.0C

0.4}

0.3}

@377 s
4 4

Re H

Figure 3.2: Pole-zero map and Nyquist diagram o

Red dot: uc; = 2.54, black dot: ues = 1/a.

1 thVS
1+aS

7

Vs
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1+a$s
- (4m? -@3n)? ~@n? -2
0O S O—XOX—
_(;L)Z (5‘7{)2 _(3‘_”)2 _
4 Res 4 4 4
0.7
0.0 0.2 0.4 0.6 0.8 1.0
Re H
; . . 1 thvS
Figure 3.3: Pole-zero map and Nyquist diagram of ——— i a =1
1+a8S /S
1 w2
(== > _Z) Red dot: uc; = 2.54, black dot: ues = 1/a.
o
—(4‘”)2 —(37702 —(2‘77)2 -72
0O S O—XOX—
4 Res 4 4 4
0.7
0.6 J
051
T 04f
E
I 0.3F
0.2}
0.1F
0.0
0.0 0.2 0.4 0.6 0.8 1.0
Re H
1 thvS
Figure 3.4: Pole-zero map and Nyquist diagram of i a = 103

7.[.2

«

1+as /S

1
(—— > _Z) Red dot: uc; = 2.54, black dot: uce = 1/a.
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1 th+/S
1+aS /g
-3. -2.9 -2.8 -2.7 -26 -25 -2.4 -23
-2.2 -21 -2 -1.9 -1.8 -17 -1.6 -15
-1.4 -1.3 -1.2 -1.1 -1. -0.9 -0.8 -0.7
-0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 0.1
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1 thVS
1+aS /S

of a from 1073 to 10°°. Decimal logarithm of « reported on the Nyquist
diagrams. Red dots: ue; = 2.54, black dots: ucs = 1/a.

Figure 3.5: Change of Nyquist diagram of with increasing value
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th /S
3.9 1—1—04—\@
1+p58

3.2.1 Electrochemical reaction: Volmer-Heyrovsky (V-H)
Electrochemical reaction: Volmer-Heyrovsky (V-H) [4, §]

AT +s+e —Ags
At +As+e” — Ay +5

3.2.2 Reduced concentration impedance of adsorbed

species
thv/S th /S
1+« «
Z4(8) = vs _ 1, VS (3.2)
1+388 1+8S 1488
thv/S
a—00=>75(8)x a——m = uc = 2.54 3.3
5(5) 73 1 (33)
0= Z(S) ~ — = L (3.4)
— ~~ == .
“ 0 1+ pBiu te2 3
3.2.3 Nyquist diagrams
Figs. 3.6 and 3.7.
05 2 _05; b
N N
E E
| |
0 0
0 0.5 1 0 0.5 1
Re Zgﬁ Re ZQ*
05} © o5t ¢
N N
E E
1 I
0 : 0 s
0 0.5 1 0 0.5 1
Re Zg* Re Ze*

Figure 3.6: Impedance diagrams calculated from Eq. (3.2)). a: a=1, §=10"",
b:a=10% 8=10"3c: a =103, =10"3,d: a = 10%, 3 = 1. Characteristic
dimensionless frequencies: red dots : uc1 = 2.54, black dots : uc2 = 1/0.
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1+aM(S)

1+8S

CHAPTER 3. MIXED IMPEDANCE

hvS
s>=t‘/_

|—e.

BBD

l—e.

DDDBDIDD
DDDBDIDD
DUVIBDDD

DDDDDDD

DDDD

-CRIEE

Figure 3.7: Array of impedance diagrams calculated from Eq. (3.2).

log B

-DDODDDD

Impedance

diagrams are made of one or two arcs. Characteristic dimensionless frequencies: red

dots : uc1 = 2.54, black dots : ucz =1/p.
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55 1+a5+552%§ 2!
1
3.3
thv/S
1+a5+587§—

3.3.1 Electrochemical reaction: catalytic copper
deposition

Cu?t+ClI~ + s + e~ — CuCls
CuCls+e¢e  — Cu+Cl™ +s

Hypotheses: no mass transfer limitation for Cu?*, (Cu?*(0,t) ~ Cu**), kinetic
irreversibility of the two steps [18,19].

3.3.2 Reduced concentration impedance of adsorbed species

1
Z(S) = 3.5
” 1+astpshYS >
VS
e Poles and zeros of Z*(S) are real and interlaced.
hv'S

t
e Zeros of Z(S) are the poles of

VS
e Characteristic dimensionless frequencies: u¢1 = 2.54, ucs = 1/, ucz =

1/6

=2 ((2k+ 1)) k=1 0.

3.3.3 Nyquist diagrams
Figs. 3.8 and 3.9.
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O—%—0— X — 0 %0 X&—
Res
Zy
0.5+
0 .
0 0.5 1
Re Z

Figure 3.8: Pole-zero map and impedance diagrams calculated from Eq. (3.5). a =
1072, B =1, red dot : uc1 = 2.54, black dot: uc2 = 1/a, blue dot: ucz = 1/4.
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THVS

1 thy/S
, M(S)=
1+aS +BSM(S) VS

) IDDIDIRIDID
)LD DD DD
b LR

DIDIDIDIDIBID

SbIBIN
DIDIBDDIDE
SO0

log B8

Figure 3.9: Graphics array representation of the impedance diagram, calculated
form Eq. (3.5) and plotted using the Nyquist representation (orthonormal scales)
for catalytic copper deposition. Characteristic dimensionless frequencies: red dots :
uc1 = 2.54, black dots: ucz = 1/, blue dots: ucs =1/0.
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S th+/S
3.4 Vs
) thV/S
l+aS+06S8 NG
3.4.1 Electrochemical reaction: catalytic copper
deposition

Cu?t+Cl~ + s + e~ — CuCls
CuCls+e¢  — Cu+Cl™ +s

Hypotheses: no mass transfer limitation for Cu?*, (Cu?*(0,t) ~ Cu?"), kinetic
irreversibility of the two steps [19].

3.4.2 Reduced concentration impedance of soluble
species Cl~

thv/S
s
Z(S) = T (3.6)
1+aS+p3S
WSS
3.4.3 Nyquist diagrams
e Poles and zeros of Z(S) are real.
th
e Zeros of Z(S) are the zeros of \gg (Sz = —(kn)?, k=1---00) plus

one zero at the origine of the complex plane (derivator).

e Characteristic dimensionless frequencies: uc1 = 2.54, ucs = 1/, ucg =

1/8, ties = (B/)?.
Fig. 3.10.
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3.4. VE = 25

SM(S) MS_thJ?
1+aS +BSM(S) - Js

log a

.

010|1D|DIDID
DD DI

QIO IED

GGG

=

-2

log B

Figure 3.10: Graphics array representation of the reduced impedance diagram cal-
culated from Eq. (3.6) and plotted using the Nyquist complex plane representation
(orthonormal scales) for catalytic copper deposition. Characteristic dimensionless fre-
quencies: red dots : uc1 = 2.54, black dots: uc2 = 1/a, blue dots: ucs = 1/, green
dots: ucs = (8/c)?.
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1+ qthys VS

th/S

3.5.1 Electrochemical reaction: E-EAR reaction [20]

R+s—=0O+s+mnje
AT +s— As+nye”

3.5.2 Reduced concentration impedance of adsorbed species

th/S
1+«
Z(8) = VS

th/ S’
1435 +~8
NN

o, 6,720 3.7

~—

3.5.3 Nyquist diagrams

1+aM(S) thy/S
, M(S)= , vy =0.01
1+BS +ySM(S) JS

log B

DPDDDED

TR
T EBEO0D
SDEDEDD
SOEECDD

. CEREOED

log a

Figure 3.11: Graphics array representation of the Nyquist diagram for the impedance
calculated from Eq. (3.7) and plotted using the Nyquist representation (orthonormal
scales). Characteristic dimensionless angular frequencies: red dots: uc1 = 2.54, black
dots: ez = 1/B1. v = 1072,
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Figure 3.12: Graphics array representation of the Nyquist diagram for the impedance
calculated from Eq. (3.7) and plotted using the Nyquist representation (orthonormal
scales). Characteristic dimensionless angular frequencies: red dots: uc1 = 2.54, black
dots: uce =1/B1. v = —107%
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Figure 3.13: Graphics array representation of the Nyquist diagram for the impedance
calculated from Eq. 3.7 and plotted using the Nyquist representation (orthonormal
scales). a, B, v < 0. Characteristic dimensionless angular frequencies: red dots:
ue1 = 2.54, black dots: uc2 = 1/|81]. @, 8,7 <0, vy=—10"".
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3.6.1 Electrochemical reaction: E-EAR reaction [20]
R+s—=0O+s+nje
A +s—As+nge”
3.6.2 Reduced concentration impedance of soluble
species R
(1+a5) “i%g
2(5) = S o 8,720 (3.8)
1495 +y5BYS
V'S

3.6.3 Nyquist diagrams
Figs. 3.14 and 3.15.



30 CHAPTER 3. MIXED IMPEDANCE
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Figure 3.14: Graphics array representation of the Nyquist diagram for the impedance
calculated from Eq. (3.8) and plotted using the Nyquist representation (orthonormal
scales). Characteristic dimensionless angular frequencies: red dots: uc1 = 2.54, black
dots: ez = 1/8. v = 1072,



THVS
(1+as) =%

5 S Mo T v =000
N1 N o Vo Vel 700 78
==
= DD IDIDID
ASINDIPDIPIP|D
=)

Figure 3.15: Graphics array representation of the Nyquist diagram for the impedance
calculated from Eq. (3.8) and plotted using the Nyquist representation (orthonormal
scales). a, B, v < 0. Characteristic dimensionless angular frequencies: red dots:
ue1 = 2.54, black dots: uec2 = 1/|8|. v = 1073
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Appendix A

Some rational fractions in

VS

A.1 Introduction

The use of a rational fraction in v/'S

N m
2(J3) = Zi?o l;m((\g)p (A.1)
p=0 ""P

has been proposed by Pintelon et al. [21,22]. Some rational fraction in V'S are
studied below.

1

A.2
1+VS
1
H(u) = T Vi (A.2)
u) = V2Vut2 m H(u) = — v
ReH(u)f2<u+\/§\/a+1),I H(u) = \/§(u+\/§\/ﬂ+1) (A.3)
|H(u) — (1/2+1/2)| = /(Re H(u) — 1/2)2 + (Im H(u) — 1/2)2 = g
= circle, radius = g (A.4)
Nyquist diagram: Fig. A.1.
1
A3 ———
1+ (VS)3
! (A5)

Hw) = T aem
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T u=1
E
|
0t ‘ ‘
0 0.5 1
Re H
. . . 1 .
Figure A.l: Nyquist diagram of ———. One quarter circle. wu. = 1,
) 1++Viu
Im H(ue) = —————.
) = B va)
V2u3/2 — 9 ud/?
Re H(u) = , Im H(u) = — A6
(@) 2 (V2ud/2 —ud — 1) () —2u3/2 + /2ud + V2 (8.6)

|H(u) — (1/2 —i/2)| = v/(Re H(u) — 1/2)2 + (Im H(u) — 1/2)2 =

vl

(A7)

= circle, radius =

|

Remarkable frequencies

U= \/3—-2V2, us =1, us = V2, ug = \/3+2V2 (A.8)

Nyquist diagram: Fig. A.2.

-ImH

_
(iu)3/2

Figure A.2: Nyquist diagram of T Three quarter circle.



1+ (VS)? -
VS (14 a(vs)?)

1+ (VS)?

A4
VS (14 a(V/S)?)
_ 14 (Viw)?
H(u) = Vit o (VD) (A.9)
Cula(u—1)+1)+1 - u:—u(au+a—1)—1
Re H(u) = V2 (a2 1+ 1) , Im H (u) VI (02a? + 1) (A.10)

Three different limiting cases

e a < 1, Nyquist and Bode diagrams: Fig. A.3

_\/2_7_
« 6a + 1 a+1%1 (A.11)

Ul = UIm H=0 =

2«
U2=u1mH=0=Jr a276c;+17a+1%l (A.12)
e a
1
e a=1 H(u) = T
e a > 1, Nyquist diagram: Fig. A.4
Ul = UReH—0 = — a2_60551+a_1z$ (A.13)
Mg = UReH—0 = ”O‘Q_GQQJ;Ha_l ~1 (A.14)
1—(VS)?
A.5 (v5)
VS (1 —a(v/S)?)
- (e
H(u) = Vi (Lo (Vin®) (A.15)
Re H () = u(a+ au — 1)+1,Im H(u) = ula+a(-u)—1) -1 (A.16)

O V2yu(e?u? 4 1) V2t (02u? + 1)
Three different limiting cases
e o < 1, Nyquist diagram: Fig. A.5

e = _ 1
o batl-atl (A.17)

U] = URe H=0 — 2%
va2 —6ba+1—a+1 1
Uz = URe H=0 = °a ~ (A.18)
1, Hu) = —
o o= U) = ——
b m

o o> 1.
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-ImH

Re H

log |H|

0 log(1/a) —  —— H(S)

logu
1 iu)?
Figure A.3: Nyquist and Bode (modulus) diagram of +(\/E) .
Viu (1 + a (Viu)?)
a < 1. Red dot: ug == 1/q, black dot: u; =0~ 1.
T
E
I
0 0
0 0 .
0
Re H
1 iu)?
Figure A.4: Nyquist and Bode (modulus) diagram of +(\/E) .
Viu (1 + a (Viu)?)

a> 1. Red dot: upy, n—o ~ 1/a, black dot: wupy, n=o ~ 1.
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-ImH

Re H

1 - (Viu)?

Figure A.5: Nyquist and Bode (modulus) diagram of .

a < 1. Red dot: us =~ 1/a, black dot: u; =0 =~ 1.
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Appendix B

Impedance structure of
reactions involving both
adsorbed and soluble
species

Table B.1: Impedance structure of reactions involving both adsorbed and soluble
species. First order denominator.

Expression Reaction Impedance
V-H)
th /S (
1+ VS AT +s+e —Ags
Vs At + As+e” — Ay +s Zg
14488

Table B.2: Impedance structure of reactions involving both adsorbed and soluble
species. Second order denominator.

Expression Reaction Impédance
V-H) with desorption
th /S thv/S (A+2Fs+e’—>As
l+as+f8——=+7s )
NG VS AT +As+e — Ays Zy
14685 +€S52 Aoys — Ay + s
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Table B.3: Impedance structure of reactions involving both adsorbed and soluble

species. Dénominateur : 1+« S+ 3 tli/\gg
Expressions Reactions Impédances
(catalytic)
1 A%* + B~ 4+ s+ e — ABs
th/S ABs+e — A+B +s Zy
l+aS+6 NG Hyp. A%7(0,t) = cte
th /S (catalytic)
W A" + B~ +s+ e — ABs
VS ABss+e” - A+ B +s Zp-
1+8s+78 —— Hyp. A*%(0,1) = cte

VS

Table B.4: Impedance structure of reactions involving both adsorbed and soluble

species. Dénominateur : 1+ S +~v.S t}i/\gg.
Expressions Reactions Impedances
1+aS . (V-H)#2
AT +s+e” — As
th /S ’ Z
1+8S+~vS5 ——- As+e — A +5 o
SRR
1o VS (E-EAR)
VS R+s—=0O+s+nje p
th/S AT +s— As+nge” o
1+8S5S+~S
PSS TS
(1+as) 2L (E-EAR)
V'S R+s—0O+s+nje 7
th /S AT +s— As+nge” R
1+08S+~485 ——
BS+n NG
(V-H)#2
At +s+e — Ags
Za+

As+e — A +s

Table B.5: Impedance structure of reactions involving both adsorbed and soluble

thv/S thy/S
species. Dénominateur : 1+ 3s + +465 .
P s /5
Expression Reaction Impedance
(DP3)
1+QM M,ss — M?*T + s+ 2e”
NG M,ss + A% - MAs+2e”

th/S thv/S MAs+ B — MAB +s
1+85+7y NG +0s s Hyp. A2-(0,t) = A2~*
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