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Chapter 1

Graphs of transfer functions

1.1

Introduction [1]

Input Output
— System I

Figure 1.1: Sketch of a scalar system.

The transfer function, H, of a invariant scalar linear system is given by:

L[Output]

H(s) = L[Input]

L denotes the Laplace transform, s is the Laplace variable with s = o +iw.
For current input and potential output, H is an impedance.

A transfer function is a complex fonction H(s) of two real variables o and
w. It is not possible to plot graph of H(s) in a plane, only 3D-plots are
possible [4] (cf. Chap. 4).

For s = iw, i.e. 0 = 0, corresponding to frequencial analysis, a transfer
function is a complex fonction H = H(iw) (or H(w)) of a real variable w.
It is possible to plot graph of H = H(w) in a plane and different types of
graph can be used.

The order of rational fraction transfer function is the degree in s (or iw)
of the transfer function denominator.

— The relativer order of rational fraction transfer function is the dif-
ference between the order of the denominator and the order of the
numerator.

— A proper system is a system where the degree of the denominator is
larger or equal to the degree of the numerator.

— A strictly proper system is a system where the degree of the denom-
inator is larger than the degree of the numerator.

5



6 CHAPTER 1. GRAPHS OF TRANSFER FUNCTIONS

e Poles of transfer function are the roots of the denominator of the transfer

function H(s).

— Dominant poles: poles closest to the imaginary axis

e Zeros of transfer function are the roots of the numerator of the transfer

function H(s).

1.2 Nyquist diagram

1.2.1 Nyquist diagram used by electricians

Orthonormal parametric plot

r=Re H=f(w), y=Im H = g(w)

1.2.2 Nyquist diagram used by electrochemists

Orthonormal parametric plot

r=ReH = f(w), y=—-Im H = g(w)

1.3 Bode diagram

1.3.1 Bode diagram used by electricians

(1.2)

e Modulus diagram: 20 log|H| vs. logw. |H| is the modulus (or magnitude

or amplitude) of H with |H| = /(Re H)2 + (Im H)2.

e Phase diagram: ¢p vs. logw. ¢y is the phase of H with ¢y = arctan

1.3.2 Bode diagram used by electrochemists

log |H| vs. logw, ¢u vs. logw

1.4 Black diagram

1.4.1 Black diagram used by electrician

Parametric plot
z=¢n = f(w), y=20log|H| = g(w)

1.4.2 Black diagram used by electrochemists

Parametric plot
z=¢n = f(w), y=log|H| = g(w)

m H

Re H

(1.3)

(1.5)



1.5. MISCELLANEOUS

1.5 Miscellaneous

e Re H vs. logw, Im H vs. logw,

logRe H vs. logw, logIm H vs. logw [12, 11],

logIm H vs. logRe H [7, 2], log |Im H| vs. log|Re H]|,
e logIm H vs. Re H [9, 2].
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Chapter 2

First-order and generalized
first-order transfer
functions

2.1 First-order transfer function [3, 8]

2.1.1 First-order transfer function

K K
H(s) = H =
(S) 147s’ (w) 1+iwT

K static gain, 7: time constant.

2.1.2 Dimensionless first-order transfer function
H(s) 1

i 1+S’S TS +iu, TO, U=TWw
One real pole: S, = —1 (Fig. 2.1).

H*(S) =

_H(w)_ 1
K 1+iu’

U=Tw (2.1)

u: reduced (or dimensionless or nondimensional) angular (or radial) frequency

1

Re H*(U) = m,

Im H*(u) = lirnOReH*(u)zl

U
14+ w2’ us

Characteristic frequency: u. = 1 (Fig. 2.1).
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Figure 2.1: Pole-zero map, Nyquist (a), log Nyquist (b) Re H* vs. logu (c, thick
line), —Im H™ vs. logu (c, thin line), Bode (modulus (¢) and phase (d)) and Black di-
agrams of the first order transfer function H*(u) = 1/(14iu). Arrow always indicates
increasing angular frequencies.
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2.2 Generalized first-order transfer functions
2.2.1 High-pass first-order transfer function

Kns
H(s) = ="
(S) 14+ms’ (w) 1+ miw

KTNiw

2.2.2 Dimensionless high-pass first-order transfer
function
o H(s) S N . B ) B B
H*(S) = Xr. 115 re = g S=ms=YX+iu, X=7mpo, u=T1pw

One real pole: S, = —1, one zero at the origin: S, = 0 (Fig. 2.2).

H(w iu
H*(u):#:l_’_iu, U=Tpw
u? u
ReH*(u):H—uQ, Im H*(u) = T
ulLII;ORe H*(u)=1

Characteristic frequency: u. =1 (Fig. 2.2).

2.2.3 Generalized first-order transfer function
His) = K(1+7'NS>, Hiw) = K(1 +T1\.11w)
1+ms 1+ miw
2.2.4 Dimensionless generalized first-order transfer
function
H(S)71+T7-S TN . . . . .
X 115 T, = g S=ms=YX+iu, X=1po, u=Tpw

One real pole: S, = —1 = —uc1, one real zero: S, = —1/r; = —uca.

H*(S) =

H(u) 1+4ir;u

H* = =
(W) =—% 1tiu

Cl4rou? (=1+7r;)u
14w 14+ u?
lin%)ReH*(u)zl, lim Re H*(u) =7,

U— 00

Re H*(u) Im H*(u) =

Characteristic frequency: ue1 = 1, tea = 1/77 (Puyy = Puey)-

rr < 1 = Capacitive behaviour (Fig. 2.3).
rr > 1 = Inductive behaviour (Fig. 2.4).
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FIRST-ORDER TRANSFER FUNCTIONS
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Figure 2.2: Pole-zero map, Nyquist (a), log Nyquist (b) Re H* vs. logu (c, thick
line), —Im H* vs. logu (c, thin line), Bode (modulus (c) and phase (d)) and Black dia-
grams of the high-pass first-order transfer function. Arrow always indicates increasing
angular frequencies.
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Figure 2.3: Pole-zero map, Nyquist (a), log Nyquist (b) Re H* vs. logu (c, thick
line), —Im H™ vs. logu (c, thin line), Bode (modulus (c) and phase (d)) and Black
diagrams of the generalized first order transfer function. 7, = 0.2 (r, < 1), dot:
uc1 = 1, circle: uca = 1/7,.
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diagrams of the generalized first order transfer function. - = 3 (r; > 1), dot: uc1 =1,
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Chapter 3

Second-order and
generalized second-order
transfer functions

3.1 Introduction

K

H - - @@
(5) 1+a; s+ ags?

3.1.1 Canonical form

K
H(s) = : 7
a2
Wn Wy
poles:
sp1 = —Cwn — V(2 — 1) wi, sp2 = —(wn + V(2 — 1) wi

e ( > 1, two real poles

e ( =1 multiple pole

e ( <1 complex poles
3.1.2 Reduced form

H(S> 1 S O—+lw o w

H*(S) = = S =" = — Y Y= — oy = —

() K 1+2¢S+ 52’ Wy Wn A T o
poles:

S = —C = VT 1, Spp = —C+ /P -1
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3.1.3 Second-order transfer function with real poles
K K

H(s) = =
(5) (14+ms)(1+7s) () QI+7mniw)(l+niw)
H(s) 1 . T2
(S) e 179059 S=m7s +iu, T O, U=TIW, Tr -

Two real poles: Sp1 = —1 = —uc1, Sp2 = —1/r; = —ues (Fig. 3.1).

1

B = amoasmi

1—u?r, u(l+r;)
Im H*(u) = —
Are) Arwryy W =G5 a0

Re H*(u) =

3.1.4 Second-order transfer function with complex poles

1

S =1 5cs79 ¢ <1

Two complex poles (Fig. 3.2) :

= (V- T= (VT =C S = (VT =—(+iV1I-C

1

B ) = 5 s Go)

. (<1

1—u? 2ul

Re H* = Im H* = —
eH(w) = e —yerr MW= I aE— e 1

3.1.5 Second-order transfer function with
multiple poles

1 1
H(S)=+———+——=,(=1=H"(S) =
) =1i2cs757 ¢~ 17 H ) = a5357
One multiple pole: S, = -1 = u. =1 (Fig. 3.3).
1
H (4) = —
W)= a5707
1— 2
(w2 1) (w2 +1)
dIm (u) 1 w/ N3 .
" fOéwf\/g,H(u)—s(l iV3)

dRe (u)

ooy 1 .
m :o:wzx/g,H(u)_—g(Hlﬁ)
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Figure 3.1: Pole-zero map, Nyquist (a), log Nyquist (b) Re H* vs. logu (c, thick
line), —Im H* wvs. logu (c, thin line), Bode (modulus (c¢) and phase (d)) and Black
diagrams of the reduced second order transfer function with real poles H* = 1/((1 +
iu) (1+rriu)). rr =2 (ry > 1), dot: uc1 = 1, circle: uce = 1/7-.
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Figure 3.2: Pole-zero map, Nyquist (a), log Nyquist (b) Re H* vs. logu (c, thick
line), —Im H™ vs. logu (c, thin line), Bode (modulus (c) and phase (d)) and Black
diagrams of the reduced second order transfer function with complex poles H™*(u) =
1/(1+2¢iu+ (iu)?), ¢ =0.5.
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3.2 Generalized second-order transfer functions

3.2.1 Generalized second-order transfer functions
K (1 + by S)
H(s)= ——— 19
(s) 1+a;s+ags?
3.2.2 Electrochemical examples
Volmer-Heyrovsky reaction with chemical desorption [10, 5, 6]
AT +s+e” Ko, As
AT+ As+e Ky Ass

k-
A2,S£’A2+S

Schuhmann dissolution-passivation reaction # 1 [13]

K
Ms <% Xs+2e
K1

X,S%Q,s—i—Qe

r2

X,s—l—AﬁX,s—l—B—i—Qe

3.2.3 Canonical form
K (1+b15)
2

1+2¢2 4+ (i)

Wn wll

H(s) =

poles:
Spt = —Cwn —V(¢? = D) wi, sp2 = —Cun + V(2 = 1) wi
¢ > 1, two real poles, ¢ = 1 multiple pole, { < 1 complex poles (cf. 3.1.1).

3.2.4 Reduced form
H(s) 1+T7S s o+iw o w

K 1+2§S+S27 s Wn Wn +1u, wn7 “ Wn

poles: Sp1 =—(—+/¢2—1, Spo=—(++/¢?—1, zero: S, =—-1/T.

(2T¢ — Du? +1 u(—Tu?+T —2()
ut + (42 —2)u2 + 1’ ut+ (42 —2)u? +1

= Im H*(u) > 0 (inductif behaviour) for 0 < u < /T — 2¢/VT if T > 2¢.

H*(S) =

Re H*(u) =

Im H*(u) =

3.2.5 Complex poles ( <1
e T > 1: Fig. 3.4,
e T =1: Fig. 3.5,
e T < 1: Figs. 3.6 and 3.7.



3.2. GENERALIZED SECOND-ORDER TRANSFER FUNCTIONS 21

1F
1F
® /K £ ¢ |
£ 0 © E |
S 4l ;
-2k I
-2 -1 0 1 2
- 0
log u

L i :
\_/ -2 -1 0 1 2
1

logu

—ImH
o P

dul°

0
Re H
Figure 3.4: Pole-zero map, Nyquist, Bode (modulus and phase) of the re-

duced generalized second- order transfer function with complex poles H*(u) =
1+Tiuw)/(1+2¢iu+ (1w)*?). ¢=0.5,T = 10.

1F
0 )
1
1
1
i
%) /K T 1 |
g0 5 5
s Ll |
1
1
i
-3L 1 .
-2 -1 0 1 2
logu
Re S 9
1+
0
I Q
E =
| A
-90 kL
0 -2 2
Re H

Figure 3.5: Pole-zero map, Nyquist, Bode (modulus and phase) of the re-
duced generalized second-order transfer function with complex poles H*(u) =
(A4 Tiu)/(1+2Ciu+ (iu)?). ¢=05T=1.



22 CHAPTER 3. SECOND-ORDER TRANSFER FUNCTIONS

1,
%) /K T
Y \4\ S
-1 0
Re S
1,
I o
£ I
| <
0,
0 1
Re H
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Figure 3.7: Pole-zero map, Nyquist, Bode (modulus and phase) of the re-
duced generalized second-order transfer function with complex poles H*(u) =
(1+Tiu)/(1+2¢iu+ (u)?). ¢ = 0.5, T = 0.1. Zero not shown in the pole-zero
map.
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3.2.6 Multiple poles ( =1
e T > 1: Fig. 3.8,
e T =1: Fig. 3.9,
e T < 1: Fig. 3.10.
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Figure 3.8: Pole-zero map, Nyquist, Bode (modulus and phase) of the re-
duced generalized second-order transfer function with multiple poles H*(u) =
(1+Tiu)/(1+2¢iu+ (u)?). (=1,T = 10.
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Figure 3.9: Pole-zero map, Nyquist, Bode (modulus and phase) of the re-
duced generalized second-order transfer function with multiple poles H*(u) =
1+ Tiu)/(1+2¢iu+ (iu)?). ¢=1,T=1.
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Figure 3.10: Pole-zero map, Nyquist, Bode (modulus and phase) of the re-
duced generalized second-order transfer function with multiple poles H*(u) =
(1+Tiu)/(1+2¢iu+ (iu)?). (=1, T = 1. Zero not shown in the pole-zero map
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3.2.7 Real poles ( > 1
« T ST pig 311,

o KX ™. Fig. 3.12,
o« % x . Fig. 3.13.
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Figure 3.11: Pole-zero map, Nyquist, Bode (modulus and phase) of the
reduced generalized second-order transfer function with real poles H*(u) =
(1 4+Tiu)/(1+2Ciu+ (iu)?). ¢=3,T = 10.
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Figure 3.12: Pole-zero map, Nyquist, Bode (modulus and phase) of the
reduced generalized second-order transfer function with real poles H*(u) =

(1+Tiu)/(1+2¢iu+ (iu)?). ¢ =3, T = 3.16. One pole not shown in the pole-
zero map.
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Figure 3.13: Pole-zero map, Nyquist, Bode (modulus and phase) of the
reduced generalized second-order transfer function with real poles H*(u) =

(1+Tiu)/(1+2¢iu+ (u)?). ¢ =3, T = 1072, Zero and one pole not shown in
the pole-zero map.



Chapter 4

Appendix: 3D-plot of
transfer functions

4.1 3D-plot of modulus [4]

4.1.1 First order transfer function

1
H*(S)= ——, S=%+iu

Figure 4.1: 3D-plot of the modulus of first order transfer function.

4.1.2 Second order transfer function
Complex poles

1

H™(8) = 1+2(5+82

S=Y+iu, (<1

27



28 CHAPTER 4. APPENDIX: 3D-PLOT OF TRANSFER FUNCTIONS

[H"|

Figure 4.2: 3D-plot of the modulus of second order transfer function. Complex poles,
(=05

Real poles
1
1+S)(1+r9)

H*(S) = ,S=%+iu

[H'|

Figure 4.3: 3D-plot of the modulus of second order transfer function. Real poles,
rr =25
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