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Chapter 1

Circuits made of one R and
one C

1.1 Circuit (R+C)
The symbol '+’ denotes the serial association of electrical components.

C

-

Figure 1.1: Circuit (R+C).

1.1.1 Impedance
1  R(l+iwr)

Z = = —
(W) =R+ 7 ——, 7=RC
R
Re Z(w)=R, Im Z(w) = ——
T W
1.1.2 Reduced impedance
1U 1Uu

(11)
(Fig. 1.2)

1.2 Circuit (R/C)
The symbol ’/’ denotes the parallel association of electrical components.

5



CHAPTER 1. CIRCUITS MADE OF ONE R AND ONE C
1
1 uc=1
x =1
£ > j
< l E N
0 0
0 1 0
Re Z"

Re Y"

frequency direction.

Figure 1.2: Nyquist diagram of the reduced impedance and admittance (Y* = RY)
for the (R+C) circuit (Fig. 1.1, Eq. (1.1)). The arrows always indicate the increasing

Figure 1.3: Circuit (R/C).
1.2.1

Impedance
R
Z = =RC
() 1+iwt’ g
R Rtw
Re Z2(w) = T M2W) =155
1.2.2 Reduced impedance
Z(u) 1 1 u
Z*u) = 2 = =71w, Re Z*(u) = ——, Im Z*(u) = ———
(u) 7 i u=rTw, Re Z%(u) T m Z*(u) T
(1.2)
(Fig. 1.4)
1 _
uc=1 Uc=1
05
N J >
E E t
|
0
0 05 1 %
Re Z*

Re Y~
Figure 1.4: Nyquist diagram of the reduced impedance and admittance (Y* = RY)
for the (R/C) circuit (Fig. 1.3, Eq. (1.2))



Chapter 2

Circuits made of two Rs
and one C

2.1 Circuit (Ry+(R1/Cy))

C:

Figure 2.1: Circuit (R2+(R1/C1)).

2.1.1 Impedance
1
Z(w):R2+ 1
iwCi + —
R
(Rl —|—R2) (1+iw7'2) C1 R1 Ry
Z — = =
(W) l+iwn » T R1017TQ R+ R>
2.1.2 Reduced impedance
Z(u) 1+Tiu
Z* = =
(U) Ri+ Rs 1+iu
U=TW, T:Tg/leRg/(R1+R2)<1
. 1+ Tu? . (T-1)u
hr%Re Z*(u)=1, lim Re Z*(u) =T
(Fig. 2.2)




8 CHAPTER 2. CIRCUITS MADE OF TWO RS AND ONE C

. 0.4 1
N AN g AN
E £
| =
0 0
0 T 1 0 1 1T
Re zZ* Re Y*

Figure 2.2: Nyquist diagram of the reduced impedance and admittance (Y* = (R1 +
R3)Y) for the (R2+(R1/C1)) circuit (Fig. 2.1, Eq. (2.1)) with T" = 0.4,0.55,0.7.
The line thickness increases with increasing 7). Dots: reduced characteristic angular
frequency uc1 = 1; circles: reduced characteristic angular frequency uce = 1/7T.

2.2 Circuit ((R1+C;)/Ry)

=] I

Figure 2.3: Circuit ((R1+C1)/R2).

2.2.1 Impedance
Ry (1+iwm)

Z(w) T Tiom , m=C1 (Ri+Ry) , =R Cy
Ry (1+w?n ) wRy (=71 +7)
Re Z(w) = T2 ,ImZ(w)_l_Fsz12

2.2.2 Reduced impedance
14+Tiu
1+iu
u=nw, T=7n/r1=R /(R +R)<1
cf. Eq. (2.1) and Fig. 2.2.

Z*(u) = Z(u)/Ry = (2.2)

2.3 Transformation formulae between (R+(R/C))
and ((R4+C)/R) circuits

2.3.1 Transformation formulae (R+(R/C)) — ((R+C)/R)

Ryy? Ci1 Rot®
Rop = Ryy + Ry, Ria = Ryy + —+—,Ch2 = #12
R (R11 + Ro1)



2.3. TRANSFORMATION FORMULAE BETWEEN (R+(R/C)) AND ((R+C)/R) CIRCUITS9

Figure 2.4: The (R+(R/C)) and ((R+C)/R circuits are non-distinguishable [3, 2, 1, 6].

2.3.2 Transformation formulae ((R+C)/R) — (R4+(R/C))

Ch2 (Riz + Ryy)? Riz Rop Ryo?

O = ’R = =", = -
H Roo? T Ria+Roy ' Rig+ Rao
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CHAPTER 2. CIRCUITS MADE OF TWO RS AND ONE C



Chapter 3

Circuits made of one R and
two Cs

3.1 Circuit ((R;/C1)4+Cy)

e
- —

Figure 3.1: Circuit ((R1/C1)4C2).

3.1.1 Impedance

1 1 1+iw (C1+Cy) R
Z(w) = L L (@A) R
o s L T TeG T i00 (1ieC Ry
Ry
o 1+iw7'2 . _
Z(w)_iwC’Q (tiwrn)’ m=RCi,2=(C14+Co)R1, 1 <7

T2 1+w27'17'2

Re Z(w) = — , Tm Z(w) =

Cy (14+w?m?) _wC’Q (1+w?n?)

lim0 Re Z(w) = Ry

3.1.2 Reduced impedance

v L) 1 14+Tiu
2 = G T T 1w (itiw (3.1)

u:le,T:Tg/T1:1+CQ/Cl>1

11



12 CHAPTER 3. CIRCUITS MADE OF ONE R AND TWO CS

1 14+u?T
Re Z*(u) = — , Im Z*(u) = —
e Z"(u) Ttu2’ () (T —1)u(1l+u?)
liI%Re Z"(u) =1
(Fig. 3.2)
2 2
N *
>
T, TR I
0 0
0 1 0 1
ReZ" ReY"

Figure 3.2: Nyquist diagram of the reduced impedance and admittance (Y* = R Y)
for the ((R1/C1)+C2) circuit (Fig. 3.1, Eq. (3.1)) plotted for T' = 4,9,90. The
line thickness increases with increasing 7'. Horizontal tangent is observed for T' > 9
(C2/Cy1 > 8) [4]. Dots: reduced characteristic angular frequency uci = 1; circles:
reduced characteristic angular frequency uce = 1/T.

3.2 Circuit ((R;4C5)/Cy)

Ci
i
C
|——

Figure 3.3: Circuit ((R1+C2)/C1).

3.2.1 Impedance

Z(w)— 1 . 14+iwCy Ry
= - i = _
wCi+ ———F—  iw (C1+Cy) 1+M
Ry + Ci+ G
1+ ;
iwCy
Z(w) = (1+iwTs) Oy Ry = C Ry (32)

Tiw (Ci+Co) Qtiwn) TG+ Cy



3.3. TRANSFORMATION FORMULAE BETWEEN ((R/C)/C) AND ((R+C)/C) CIRCUITS13

—T1+ T2 1+w?n
Z = Im Z = —
AT o aren MY T T e a e
2
lim Re Z(w) = 027&2
w—0 (Cl +02)

3.2.2 Reduced impedance

Zu) T—-1 1+Tiu

)= R = T Ta(tiw

(3.3)
Uu=wrt, T:TQ/Tl :1+02/Cl >1

. (=1+T)° . (—14+7) (1+Tu?)
Re Z =———"— ImZ = —
e Z7(u) T2 (14 u?)’ m 27 (u) T2y (1+u?)
— 2 2
lim Re Z*(u) = ( HQT) __C .
u—0 T (01 + 02)
(Fig. 3.4)
2 2
N
>
A (1 R |
0 0
0 1 0 1
Re Z" Re Y’

Figure 3.4: Nyquist diagram of the reduced impedance and admittance (Y* = R Y)
for the ((R14+C2)/Cy) circuit (Fig. 3.3, Eq. (3.3)) plotted for T' = 4,9,90). The
line thickness increases with increasing 7T'. Horizontal tangent is observed for 7" > 9.
(C2/C1 > 8). Dots: reduced characteristic angular frequency uc1 = 1; circles: reduced
characteristic angular frequency: uce = 1/7.

3.3 Transformation formulae between ((R/C)/C)
and ((R4C)/C) circuits

3.3.1 Transformation formulae ((R/C)/C) — ((R4+C)/C)

C11 Ca1 R — (Ci1 + C21)” R
———— Ri2 =

B O
Ci1+ Oy’ Cor 2

C —_
2 Ci1 + Cn

) 012



14 CHAPTER 3. CIRCUITS MADE OF ONE R AND TWO CS

Figure 3.5: The ((R/C)/C) and ((R+C)/C) circuits are non-distinguishable [3, 2, 1,
6].

3.3.2 Transformation formulae ((R4+C)/C) — ((R/C)/C)

Y% C12° Rio
Ci1=Cn+—— Ri1i=—"—""=,00 =Ci2+Cy
Cr2 (Chz + Ca2)?



Chapter 4

Circuits made of two Rs
and two Cs

4.1 Circuit ((R1/C1)+(R2/C3))

Cl CZ

Figure 4.1: Circuit ((R1/C1)+(R2/C2)) .

4.1.1 Impedance
1 1 (R1+R2) (1—|—in3)

Z(w) = - - . .
iwC’l—i—i 1w02+i I+iwn) (I1+iwm)
Rl R2
(Ol + 02) Ri Ry 71 Ro + 1 Ry
:R C 5 :R O 5 = =
T 101, T2 2C2, T3 T s

(Rl + Rs) (1 + w? (—7'1 To + (7'1 +7‘2) 7'3))
(1+w?n?) (14 w?n?)

_w (R1 +R2) (Tl +7'2 + (—1+w27'1 7'2) Tg)

(1+w?n?) (14 w?n?)

Re Z(w) =

Im Z(w) =

4.1.2 Reduced impedance
7*(u) = Z(u) 1+p+(T+p)iu
Ri+Ry (1+p)(Q1+iuw) 1+iuT)
U:RQCQW, p:Rl/RQ, T:Rlcl/(RQCQ):’Yp, ’Y:Ol/CQ
(Figs. 4.2-4.5)

15



16 CHAPTER 4. CIRCUITS MADE OF TWO RS AND TWO CS

One apex

Two apex Two apex

-2 |og(3-2v2) log(3+2v2) 2
logT

Figure 4.2: Case diagram for the ((Ri/Ci)+(R2/C2)) circuit plotted using the
log p vs. logT representation.

-2 0 2
log T

Figure 4.3: Array of impedance diagrams plotted for the ((R1/C1)4(Rz2/C2)) circuit,
depending on p and T values, and enlargment of the high frequency part of the diagram
calculated for 7= 1072 and p = 1072

2
Two apex
a One apex
> 0
kel
Two apex
-2
-2 0 2
log y

Figure 4.4: Case diagram for the ((R1/C1)+(R2/Cz2)) circuit, using the log p vs. log~y
representaion.



4.1. CIRCUIT ((R,/C;)+(R2/C5)) 17

log p
o

-2 0 2
log y

Figure 4.5: Array of impedance diagrams plotted for the ((R1/C1)+(Rz2/C2)) circuit,
depending on p and «y values and enlargment of the high frequency part of the diagram

calculated for v = 1072 and p = 1072,



18 CHAPTER 4. CIRCUITS MADE OF TWO RS AND TWO CS

4.2 Circuit ((Rl-l—(Rz/Cz))/Cl)

Ci
I

C>

Figure 4.6: Circuit ((R1+(R2/Cz2))/C1).

4.2.1 Impedance

Z(w) =

1
R
! 1+ingR2

inQRlRQ

Ri+R 1+ —————

_ (& 2)< R+ Ry >
1+iw (CQ Ry + C; (Rl —|—R2))+ (iw)2 C1Cy Ry Ro

(R1+R2) (1+iw7'3) - 7CQR1R2
(I+iwn) Q+iwn) ° R+ R,

The poles of the impedance of a circuit made of Rs and Cs are always real [5].

iwCl +
R

Z(w)

Z(w) =

B Cy Ry + C4 (Rl + RQ) — \/—401 Co R Ry + (CQ Ry + C4 (Rl + RQ))2

T1

2
(4.1)
Co Ry + Oy (Ri + Ro) +\/—4Cy Gy By Ro + (Co Ry + Gy (By + Ry))?
T2 = 5
(4.2)

4.2.2 Reduced impedance
. Z(u) p 1+p(1+iu)
Z*(u) = = - - :
Ri + Ry 1+piuT+p (1+iu) (1+iuT)
u=RyCow, p=Ri/Ry, T=R1C1/(R2Co) =7yp,v=0C1/Co

(Figs. 4.7-4.10)




4.2. CIRCUIT ((Rl-f-(Rg/Cg))/Cl) 19

Two apex One apex

log p
o

-3 -1
log T
Figure 4.7: Case diagram for the ((Ri+(R2/C2))/C1) circuit plotted using the

log p vs. log T representation.

log p
o

-3 -1 1
log T
Figure 4.8: Array of impedance diagrams plotted for the ((R1+(R2/C2))/C1) circuit,

depending on p and T values, and enlargment of the high frequency part of the diagram

calculated for T = 1072 and p = 1073,

One apex

log p
o

Two apex

-1 1
log y

Figure 4.9: Case diagram for the ((Ri+(R2/C2))/C1) circuit plotted using the

log p vs. log~y representation.



20 CHAPTER 4. CIRCUITS MADE OF TWO RS AND TWO CS

log p
o

-3 -1 1
log y

Figure 4.10: Array of impedance diagrams plotted for the ((R1+(R2/C2))/C1) circuit,
depending on p and «y values, and enlargment of the high frequency part of the diagram

calculated for y = 1072 and p = 1072 .



4.3. CIRCUIT ((Cl‘/’(RQ/CQ))/Rl) 21

4.3 Circuit ((Cl-l—(Rz/Cz))/Rl)

[ R |
C
Cs i
[

Figure 4.11: Circuit ((C1+(Ra/Cz2))/R1).

4.3.1 Impedance

Z(w) =~ N 1
Rl 1 R2

iwC;  14iwC R,
_ Ry (1+iw (C1 4 C2) Ry)
1+iw (C2Re 4+ Cy (R + R2)) + (iw)2 Cy C2 Ry R2
R (1+iwTs)

Z(w) = = : Eq. (4.1 : Eq. (4.2
(w) (1+iwﬁ)(1+iw72)’73 (C1+C2) Ry, 71 :Eq. (4.1), 72 : Eq. (4.2)

Z(w)

4.3.2 Reduced impedance

p+iu(p+T)
iuT+p (1+iu) (14+iuT)

u=RyCow, p=Ri/Ry, T=RC1/(R2C2) =7p,v=C1/Cy
(Figs. 4.12 and 4.13)

Z*(u) =Z(u)/Ry =
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One apex

log p
o
log p
o

Two apex

;2 0 2 -2 0 2
logT log T

Figure 4.12: Impedance diagrams array and case diagram for the ((C1+(R2/Cz2))/R1)

circuit using the log p vs. logT representation.

One apex Two apex

log p
o
log p
o

) 0 2 2 0 2
log y log y

Figure 4.13: Impedance diagrams array and case diagram for the ((C1+(R2/Cz2))/R1)

circuit using the log p vs. logy representation.



4.4. CIRCUIT (((C34+Rz)/R1)/Cy)

4.4 Circuit (((Cs4+R3)/Rq)/Cq)

Cy
I
R, |

C>
I [ R}

Figure 4.14: Circuit (((CQ+R2)/R1)/01)

4.4.1 Impedance

R
inQ + 2

. Ry (1+ingR2)
o 1+iw (Cl Ry + Cy (Rl +R2))+ (iw)2 C1CyR1 Ro

Z(w)

Ry (14+iwTs)
(1 —I—iwn) (1 +iw7'2)
73 =Ry Cy; 71 : BEq. (4.1), 7 : Bq. (4.2) (exchanging subscripts 1 and 2)

Z(w) =

4.4.2 Reduced impedance
1+iu
I+iu(I4+p+7 (1+iu))
u=RyCow, p=Ri/Ry, T=RC1/(R2C2) =7p,v=C1/Cy
(Figs. 4.15 and 4.16)

Z*(u) =Z(u)/Ry =
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Two apex

log p
o

One apex

log p
o

-2 0 2
logT

-2 0 2
log T
Figure 4.15: Impedance diagrams array and case diagram for the (((C2+R2)/R1)/C1)

circuit using the log p vs. logT" representation.

Two apex One apex

log p
o

log p
o

0 2 -2 0 2
log y log y

-2
Figure 4.16: Impedance diagrams array and case diagram for the (((C2+R2)/R1)/C1)

circuit using the log p vs. logy representation.
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4.5 Transformation formulae for the four cir-
cuits made of two Rs and two Cs

Cio
I

Cu Ca i c

I Il 22
|| ]
Rio

-

22

Circuit 1: (R/C)+(R/C)) Circuit 2: (R+(R/C))/C)

Cis

|R14|

C24

-

Circuit 3: ((C+(R/C))/R) Circuit 4: ((C+R)/R)/C)

Figure 4.17: The four circuits are non-distinguishable [3, 2, 1, 6].

The four circuits are non-distinguishable [3, 2, 1, 6]. 12 transformation
formulae exist between the four circuits.

4.5.1 Transformation formulae circuit 2 — circuit 1

1
Cn = 72\/0222 Ros +2C12 Caz Rog (—Ria + Raz) + Ci2? (Ria + Raz)?
2 Caz Rao

X (C22 Rag — Ci2 (Ri2 + Ra2) +

\/0222 Rgs® +2C13 Cog Ray (—Ria + Raa) 4+ C12” (Ria + 322)2)

1
Co1 = 72\/0222 Ros® +2C12 Caz Rog (—Ria + Raz) + Ci2? (Ria + Ra)?
2 Caz Rao

X (=Ca2 Rag + C12 (R12 + Ra2) +

\/0222 Ros? +2C12 Cag Rag (—Rya + Raa) + C12® (Ryz + 322)2)
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Roy = (022 (Ris — Ras) Ry — Cha (Ryz + Rao)*+

(Ri2 + R22) \/0222 R + 2013 Cag Ray (—Riz 4 Raz) + C12® (Riz + 322)2) /

<2 \/0222 Ras® +2C12 Caz Rag (—Rya + Raa) + C12® (Ryz + R22)2>

Ry = % (Rm + Roz + Ca2 Ray (=Ria + Ran) + Oz (Ria + Rn)” )

\/(;'222 Ry 4+ 2Ch5 Oy Ry (—Ria + Ray) + C12? (Rig + Raa)?

4.5.2 Transformation formulae circuit 1 — circuit 2

2
C11 O (0112R11 +0212R21)
012 - ﬁvCQQ - 2
11+ C2 (Ci1 + Ca1) (C11 Ri1 — Ca1 Ro)
_ (Ci1 +C21)? Rii Ry _ (C11 Ryy — Oy Ry)?
R12 - 2 2 7R22 - 2 2
Ci1” Ri1 + Co1” Ry Ci1” Ri1 + Co1” Ry

4.5.3 Transformation formulae circuit 3 — circuit 1

1
© 2013% Ry3?
(Cis + Ca3)” Rys? — (013 (C3 — Ca3) Rz + (Cis + Ca3)? R23)

Cn (C1s® (C13 + Cas) Ris® +2Chs (Crs® — Ca3®) Ris Ros+

X \/Cz?,2 Ra3® + 2013 Ca3 Raz (—Ruz + Raz) + C13® (Ruz + R23)2>

1
20137 Ry3?

(Chs + Ca3)® Ras® + (013 (C3 — Ca3) Rz + (Cis + Ca3)? R23)

Ca (C1s® (C13 + Cas) Ris® +2Chs (Crs® — Ca3®) Ris Ros+

X \/(;'232 Ros® + 2013 Ca3 Ras (—Ruz + Raz) + C13® (Riz + R23)2>

Ro1 = Ri3 (C13 Riz — (Ciz + Ca3) Ras+

\/(;'232 Ros® + 2013 Ca3 Raz (—Ryz + Raz) + C13® (Riz + R23)2> /

(2 \/0232 Ra3® + 2013 Ca3 Raz (—Ruz + Raz) + C13® (Ruz + R23)2>

_ Rus (1 n —C13 R13 + (C13 + Ca3) Ras )
\/0232 Ro3% +2C13 Caz Rog (—Ruz + Raz) + Ci3” (Riz + Raz)’
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4.5.4 Transformation formulae circuit 1 — circuit 3
C11 Ca1 (Ci1 Ri1® + Ca1 Rat®)
(C11 Riy — Ca1 Ray)®
Crs = Ch1 Rii® + Co1 Ror? Rys = Ri1 Ry (Ri1 + R21) (Ci1 Ry —2021 Roy)?
(Ci1 R11® + Ca1 Rar?)

Ri3 = Ri1 + Ro1,Ca3 =

(Ri1 + 321)2

4.5.5 Transformation formulae circuit 4 — circuit 1

1 2
O = —————51/C14° Ris®> +2C14 Coy Riy (Rygy — Roy) + C24® (R1s + Ro)
2Cyy Ry4* \/

X (C14 Ria — Cay (R1a+ Roa) +

\/0142 Ri4® + 2014 Coy Ryy (Ryg — Roy) + Cos® (Ryg + 324)2)

1 2
Oy = —————51/C14> Ris®> +2C14 Coy Riy (Rigy — Roy) + C24® (R1s + Rog)
2Cyy Ry14* \/

X (—Chia R1a + Ca4 (Ria + Roa) +

\/0142 Ri4® +20C14Coy Ry (Rig — Ros) + Cos® (Ryg + 324)2)

Ro1 = (Rya ((Cia + Ca4) Riy — Coy Roy+

\/6'142 Ris? 4+ 2C14 Coy Riy (Rig — Roy) + Ca4® (Ryg + 324)2)> /

(2 \/0142 Ri4® +2C14 Gy Rig (Rig — Ros) + Cas® (Rua + 324)2)

Ry, = Bia (1 + —(C1a+ C24) Rug + Ca4 Roy )
2
\/(;'142 Ri14% +2C14 Cog Ry (Ris — Ros) + Cos® (Rua + Ros)’

4.5.6 Transformation formulae circuit 1 — circuit 4

C11 O
W= e o e 11 21
 (Cu+ C21)? Ri1 Ror (Ri1 + Ran) ~ (Cu1 Ry —Co Ro1)”
R24 - 70

24 =
(C11 R11 — Cn R21)2 (Ci1+Ca1) (R + R21)2

4.5.7 Transformation formulae circuit 3 — circuit 2

2
o C13 Cos B ((3'132 Riz + (C13 + Ca3)’ R23)
BT O+ Oy 7 C13° (C13 + Co3) Ry3?
R (C13 4 Ca3)® Ri3 Ras C13% Ri3?
12 29

 C13® Rys + (Chs + Ca3)® Ros’ © C13®Rys + (Chs + Cas)” Ras
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4.5.8 Transformation formulae circuit 2 — circuit 3

Ci2 (022 Ras® 4 Cha (Riz + R22)2)
Ri3 = Ria + Raa,Cas =

C3a Roo?
Ci13=C12+ %2222, Rys = Ca2” R1z Ryy” (Raz + Rao) _
(R12 + Ra2) (022 Ros? + Cis (Ris + R22)2)

4.5.9 Transformation formulae circuit 4 — circuit 2

Cos (Rig + Ras)? Ri4 Roy Ris?

Ciz2 = C14,Co2 = Rio = =
12 14, C22 Rt 2 = e R 2 T R TR

4.5.10 Transformation formulae circuit 2 — circuit 4

Ryo® Ca2 Rao®
Cia =Ci2, Riy = Rig+ Rog, Roy = Rio+ ——,Cy = —————
Ry (Ri2 + 322)2

4.5.11 Transformation formulae circuit 4 — circuit 3
C4® Roy

C 2
Riz = Ria, Co3 = Cia + ——, Ciz = C1a + Caa, Roy = —
4 (Cra + Caa)

1
Cs

4.5.12 Transformation formulae circuit 3 — circuit 4
C13 Cas (Cis + 023)2 Ras C13?

ZM7RQ4: yRis = Ri3,Coy =

C - -0
1 0132 Chz + Cas
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